Chirong 3. Biéu dién truong tir ciia qua dat
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Tén Tich Ai

Dia tir va tham do tir. NXB Dai hoc quéc gia Ha No1 2006.

Tw khoa: Dia tur va tham do tu, Truong tir, Gradient, Monen tur, Cyc dia tu, Tu

truong xody, Di€u hoa cau.

Tai liéu trong Thu vién dién tw PH Khoa hoc Ty nhién co thé duwoc sir dung cho muc

dich hoc tap va nghién cuu ca nhan. Nghiem cam moi hinh thirc sao chép, in an phuc

vu cac muc dich khac néu khong dwoc sy chap thudn cua nha xuat ban va tac gia.
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Chuong 3
Biéu dién trwong tir ciia qua dat

3.1 Truong tir ciia Qua Pat dwéi dang trwedng tir ciia qua cau bi tir hoa
dong nhat

Mot trong nhimg nhiém vu dau tién nhim nghién ctru trudng ciia qua dat 1a biéu dién
bang giai tich su phu thudc giita cac thanh phan cia truong ddi voi toa do cac diém trén mat
dat.

Diéu nay co thé thuc hién dugc néu nhu biét dugc nguyén nhén gy nén trudng tir hodc
nhu theo 1y thuyét thé, biét trudc sy phan bd cua cac yeu to cua truong tir cua Qua Pit trén
mit dat. Néu nhu biét duoc su phu thudc ham s6 giita cac yéu tb cta truong tir clia qua dat dbi
vO1 toa d9 céc diém thi ta co thé giai quyet duoc mot loat cac nhiém vu c6 tinh chit khoa hoc
va thuc te.

Nam 1835 dua trén cac sé liéu quan sat dugc, Simoéndp da gia thiét rang trudng tr clia
qua dat 1a truong tir cuia qua cau bj tir héa dong nhat co truc tir di qua tdm va song song voi
duong nbi cac cuc tir thyc. Nhu véy, viéc giai bai toan dit ra bao gdm viéc tim truong cua
qua cau bi tir hoa dong nhat.

Ta hay khao sat biéu thirc ctia cac yéu t ciia trudng tir ciia qua dit, néu nhu cho rang qua
dat bi tir hda dong nhat.

Tir phan 1y thuyét co so ta thiy rang thé tir ctia qua cdu bi tir hoa dong nhét tai diém P
dugc bicu dién bang phuong trinh:

M
U= cos 0 3.1
4mr? G-

trong d6 0 1a géc gitta OQ va hudng ban kinh vecto OP; OP =r (Hinh 3.1)

Khi dé6 truc quay cua qua d4t ON tao véi truc tir 0Q mot goc 90—y. N&i cac diém P, Q,
N bang cac cung cua vong tron 16n, tir tam gidc cau PQN ta tim dugc

cos 0 = sin sin @, + cos pcos ¢, cos(h — A, )
trong d6 ¢ va A la vi d va kinh d¢ cua diém P, con @o va Ay la vi do va kinh dd cua diém Q

vado dé

U=—+ [sin @sin @, +cos@cos @, cos(A — L, )]

4mr

Momen tir cua hinh cau M bang tich thé tich cta hinh cau véi dd tir héa J ctia nd, ttc 1a

M :inRﬁ
3

trong d6 R 1a ban kinh ctia hinh cau



Ta hay dua vao cac ky hiu sau:
4 .
gl = 3 nJsin @,

(3.2)

g zgnJ cos @, cos\,

Hinh 3.1
Thé tir cia Qua Dat hinh ciu bi tir hoa ddng nhét

Luac do

U= R32 [g? sin(p+(g} cosA +h; sink)coscp] (3.3)

4nr
Vi cung cta vong tron 16n NP la kinh ‘Euyé’n cia diém P, nén thanh phan trudong theo
hudng NP la thanh phan bac X, con thanh phan theo hudng cta vong tron nho PS 1a vi tuyén,
nén Y la thanh phan dong. Cudi cung thanh phan theo huéng ban kinh vecto r 1a thanh phan

thang dtmg Z. Vi vay

1 oU
X=py -
r 0
1 ou
Y=p-———
rcos® oA
ou
Z=—pn,—
Mo or

Lay vi phan biéu thirc (3.3) theo ¢, A va r va cho r =R (Vi diém P nam trén mat dat), ta
thu duoc céc bi€u thic cua cac thanh phan cta truong tir nhu sau:



X = %[g? cosQ — (g} cosA+h; sink)sin (p]
n

Y =ﬁ[g} sinA —h, cosk]
4n

2

Z= 4”0 [g? sin @+ (gi cosA+h| sink)coscp]
T

3.4
trong do gol, g1, h'| 1a cac hing s6 khong phu thudc vao vi tri cia diém P trén mit dét. @o va
Ao 1a toa do giao di€m cua truc tir véi mat Qua bat. Néu thira nhén kinh tuyén di qua diém do
1a kinh tuyén gdc, thi Ao =0 va theo cong thirc (3.2) h';=0, vi vay cac thanh phin cia truong
tur cua qua dat la:

X =ﬁ[g1° cosQ—g, cosksin(p]
4n
Y= Z—:E[gi sink]

2

Z= 4“0 [glo sin@+g; coskcosq)]
T

(3.5)
Néu cho tryc tir tring véi truc quay ciia Qua Dat, thi cac thanh phan cua truong tir s& co

dang:

X :ﬁgf cos
4r

Y=0
2

7= g/ sin @
41

hoic

T
2p .
Z=""_sin
4nR’ ?
Tai xich dao, & d6 ¢ =0, ta c6
M
Z = 0; = T = “‘O 3
4nR (3.6)
tai diém cuc ¢ =90"
2u M
H=0; Z=H,="""
4R (3.7)

Ty sb glé tg cua goc I (tur khuynh).

Tur cac phuong trinh (3.5) ta co:



ttrc 1a tg cua goc I hai 1an 16n hon tg cua vi d6 tir. Néu dem so sanh cac gia tri ciia trudng
dia tr tinh dugc theo cic cong thirc vira néu trén diy véi cac gia tri thuc té thu duogc ta
thay tai mot s6 di€m co su sai léch tuong doi 16n. Tuy nhién su sai 1éch khong qué 16n dé
c6 thé gat bo gia thuyét vé sy tir hoa ddng nhat. Nguoc lai vé co ban, truong quan sat
duogc c6 khuynh hudng gan vdi truong cua qua cau bi tor hdoa dong nhat.

Vi du, gia tri cuong dJ trudng tai xich dao tur, khoang hai 14n bé hon gia tri truong tai cuc
tur (Tai cuc tor Hr = 65000 nT, tai xich dao Ht = 35000 nT).

Trong nhiéu trudng hop do tir khuynh tuan theo quy luét (3.8).
Vi vy gan dung bic nhét, ta c6 thé xem trudng tir cia Qua DAt 1 trudng tir cia mot qua
cau bi tir hoa dong nhat.

Trén co so cua gia thuyét nay nguoi ta co thé tim duoc cac gradient ctia truong tur cling
nhu momen tir ciia Qua Pat.

3.1.1 Gradient

Gradient ctia mdi thanh phan truong tir cia Qua Dét 1a sy thay doi cua nd khi chuyén
theo mat dat hodc thang gbc véi mat dat mot khoang bang don vi khoang cach.

Ta s& tim cac gradient ctia cac thanh phan thing ding va nim ngang theo chiéu cao va vi
do tur. T cac phuong trinh (3.5) ta co:
H H .
A—:—3—; E:—Htg(p:—gsml0
AR R A 2
va
AZ Z AZ .
—=—3—; — =—Zctgp = 2Hsin1°
AR R A

Néu thira nhan ban kinh cta qua ﬁét R=6.10" km, con cac thanh phén thang dimg va nam
ngang tai Sanh Petecbua tuong ung bang 47000 nT va 15000 nT ta c6 thé thu dugc:

£:—23,5.10*3£;

AR m

AZO = 250£ =2,5.10" ﬂ;
A do m
A—H=—7,5.10*3£;

AR m

A _ 400"t = 40,107 1L,
A do m

tte 1a khi 1én cao 1 km, thanh phan thang dtng tai Xanh Petecbua giam di 23,5nT, con thanh
phan nam ngang giam 7,5nT. Khi dich chuyén 1 km vé phia cuc tir bic thanh phan thing
dung tang 1én 2,5nT con thanh phan ndm ngang giam di 4nT.



3.1.2 Momen tir cia Qua Dat

Ta c6 thé tim dugc moémen tir ctia qua dat trong trudng hop bi tir hoa ddng nhat bing
cach binh phuong céc phuong trinh (3.2) roi sau d6 cdng chung lai. Thyc vay, sau khi thuc
hién cac phép tinh do, ta thu dugc:

%n]z\/g? 24+gl 2 +h!?

T d6 nhan cé hai vé v6i R, ta thu duoc

M=R’\/g? +g” +h] 59

Tir cac phuong trinh (3.4) bang cach thay cac gia tri bang s ctia X, Y, Z tai mot diém bat
ky nao d6 ctia Qua Pat ngudi ta tinh dwoc cac gia trj cua g, g/va h).

Céc hé s6 ndy ngay nay dugc xac dinh theo cac s6 liéu quan sat dugc khong phai tai mot
dieém trén mat dat ma theo hang loat cac quan sat tai cac di€ém phan bo déu trén mat dat.

Theo tinh todn cia Aphanaxiepva:
gl0 =30,320A /m; g} =2,290A/m; h} =5,900A/m
tu do
M=8,3.10% cgsm (8.3.10" Am?).
1Am*> =10’ cgsm
Gia tri g, h do mot sb tac gia phuong Tay dua ra:
Nam 1965: g? =30,334A/m;g} =2,119A/m;h} =5,776A/m.
Nam 1980: g? =29,988A /m; g} = 1,957A/m;h{ =5,606A/m.
Theo Langel (1992) thi:
gl =29,775A/m; g =1,852A/m; h;=5,411A/m
Theo s liéu ciia William Gilbert nam 1992 thi
M= 7,856.107A.m’ .
Do tir hoa trung binh cua qua dat 1a

J :%Jg? >+g 7 +h; ? =0,072cgsm(72A /m)
T

1 cgsm (vé do tir hod) = 10° A/ m

Néu nhu thira nhan rang sy tir hoa ctia qua dét chi tip trung trong nhin ciia nd co ban
kinh khoang hai 1an bé hon ban kinh cua qua dat, thi do tir héa ctia nhan phai 16n hon khoang
tam lan, tirc 1a

J=0,58 cgsm (576 A / m)



3.1.3 Cac cuec dia tir. Cac toa do tir

Mot vai hién twong cua truong tir cua qua dit, nhu bién thién ngdy dém theo mat troi
thuong xéy ra va phu thudc vao cac toa do dia tu: vi do va kinh d6. Vi d6 dia to @ 1a goc phu
voi gc')c giﬁa tryc tir cua ludng cuc, hodc truc tir hda dong nhét véi ban kinh vecto vé tir tim
Qua Dt dén diém cho trude. Kinh do dia tir A 1a goc giita kinh tuyén tir dia phuong va kinh
tuyen tir di qua truc dja 1y. Giao diém cta tryc tir cua ludng cuc hodc cta qua ciu bj tir hoa
dong nhét v6i mat dat duge goi 1a cac cuc dia tur. Cac cuc dia tir khac véi cac cuc tur. Cac cuc
tir 13 cac diém ma tai d6 do tir khuynh bang khong va cac dudng déng tir thién hoi tu.

Co thé xac dinh duogc toa do dia Iy @¢ va Ap cua cac cuc dia tur theo phuong trinh
(3.2).Tu cac phuong trinh doé ta thu dugc:
hl
tgh, =—
g

1

o

18P = 12 12
Vb T+ (3.10)

Str dung cac gia tri bang so cua g11, glo, h'; d3 dua ra & trén ta c6 thé tinh dugc cac toa dd
cua cac cuc dia tur Bac

So sanh voi1 cac toa d§ cua cuc tur ta thay rang cuc dia tir nam cao hon vé phia Bac mét
khoang 7° va xa hon vé phia Bong 28°:

0o =782°N, Lo =68,8" W
S6 liéu cua mot vai nam xéc dinh sau nay:
1965 @ =78"33 Lo=68° 33°W
1980 @o =78°48’ Ao= 68" 48°W

(0]
180"~ A [ p-

Hinh 3.2
Toa do dia tir

Co thé chuyén tur toa do dia 1y sang toa do dia tur. Muén vay ta hay xét tam giac cAu PZP,,
(Hinh 3.2) trong d6 PZ la gbc phu véi vi d¢ tir dia phuong, PPy, phu véi vi do cua cuc dia tir
con P,Z phu véi vi d6 dia tur, goc ZPP, 1a hi¢u sb kinh do gitra diém Z va cuc dia tir con gbc
ZP.,P 1a goc bu voi kinh d6 dia tr A vi né dugc tinh tir cyc dia tir nam.



Theo céc cong thirc luong giac cau ta co

sin @ =sin @sin @, + cos pcos , cos(L — 1, )

cosq)sin((p - (po)
cos® (3.11)

Trong khi khao sat mot vai van dé vé dja tir nguoi ta con phai dung khai niém thoi gian tir
dia phuong. Thoi gian tir dia phuong t, 1a géc gilra cung vong tron 16n PnZ véi cung Pp,,S di
qua mit troi (Hinh 3.2). TUr tam giac cau PP,,S ta thdy rang goc ndy 1a hiéu sb giita cac kinh
dd dia tir ciia mat troi va diém cho trude Z. Cac gia tri kinh d¢ tir nay tinh dugc tir cong thuc
(3.11).

Tai cac vung vi d¢ trung binh va thap thoi gian tir khac rat it so voi thoi gian mat troi
dia phuong. Sy khac nhau dang ké xdy ra ¢ nhiing noi cach cuc dia tir khoang tir 15 dén
20°.

sinA =

3.2 Khai trién thé tir cia Qua Pt thanh chudi. Ly thuyét Gauss

Mot budc tién 16n tiép theo trong viéc biéu dién giai tich truong tir ctia Qua Dat 1a Iy
thuyét Gauss. Gauss da dé ra 1y thuyét nay tir nam 1838.

Ly thuyét co muc dich biéu dién truong tir ctia qua dat dudi dang ham toa dg cua diém
quan sat ma khong can chu y dén nguyen nhan vat ly cua viéc xuét hién truong d6. Mic dau
mang tinh hinh thirc va khéng giai thich Ve ngudn goc cla truong tur cia Qua Pit, 1y thuyét
Gauss co gia tri rat 16n va cho dén nay van con dugc st dung dé tim hiéu cac hién tuong dia
tur.

Néu cho riang d tir hoa J cua Qua Dt tai mbi mot diém co hudng va do 16n bat ky, ta co
thé tim duoc tri s6 cta thé tir U do Qua Dat gay ra tai diém P vé6i toa d6 12 6 va A (trong d6 0
13 goc phu dbi voi vi do, con A 1a kinh d6) (Hinh 3.3) .

C6 thé biéu dién thé tir U dudi dang sau:

1 dm
=—nm? (3.12)

trong d6 dm 1a yéu t& khdi tir tai diém bat ky M c6 toa d6 cAu la r ,0' ,A' va nim cach P mot
khoang bang p. Tich phan tinh theo toan b¢ thé tich cua hinh cau. Tt tam giac MPO ta co:




Hinh 3.3

Khai trién thé tir cua Qua Dét

' 2 '
p’ =1’ +r'2—2rr'cosy:r2|:l+(£j —2r—cosy]
r r

trong d6 y1a goc gittar var', vi vay

1

=) N (o
EGEGE

Vir > r' nén ham ¢(r';y ) nam dudi ddu tich phéan c6 thé dugc khai trién theo chudi héi tu

dm

U (3.13

1

) , \ ~ T Ap A A , A -1 P
cua cac ham mii —. That vay, dua theo cong thirc vé nhi thirc Newton ta co:
r

olr',y)= {1 + Ejz - 2§cosy}; -
49

Khai trién cac dau ngoac vuodng va két hop céac so hang r'/ r cung mdt bac,ta thu dugc:

' & r' '
o(r',y) = ZOH P, (cos)

Trong d6 Py(cos v) 1a mot ham sd ndo d6 ciia cosy mil bac n. Cac ham sb nay duoc goi 1a
cac da thuc Legendre. Trong ly thuyét thé vé cac ham s6 cau nguoi ta da nghién clru cac tinh
chat cua da thuc Legendre. Theo mdt trong cac tinh chat d6 nguoi ta c6 thé tinh duoc da thirc
hang (n+1) néu biét dugc da thurc hang n. Cong thuc truy hoi c6 dang:

2n+1)
n+1

P,.,(cosy) = cosyP, (cosy) ———P, , (cos y)
n+1

(3.14)

Gia tri cua hai da thie dau tién thu duge truc tiép tir khai trién nhj thirc Newton. That
vay, tu phuong trinh (3.13) ta c6:

P, (cos y) =1
P, (cos y) =CosYy

Vi véy, néu p dung cong thirc (3.14) ta tim dugc

Pz(cosy)zgcos2 y—%



10

P, (cosy):gcosz’ y —%cosy

35 4 15 ) 3
P,(cosy)=—cos" y——cos” y+—
4(cosy) S cos’ v = cos’ v+

Vi vay c6 thé viét biéu thire thé tir (3.12) dudi dang chudi:

4Tcr Z J.( j P (cosy)dm

D@ dang thdy rang, s6 hang dau tién cua chudi ndy bang khong. That vay, khi n=0 ta thu
duoc U=[dm. bay chinh 1a tong tat ca cac khoi tir, ma nhu ta da biét, trong mdi mot vat thé
tong tat ca cac khoi tir bang khong. Vi vay

4nr Z J-( j P (cosy)dm (3.15)

Hon nira, tir tam gidc QNP; (Hinh 3.3), theo cong thirc luong giac cau, ta cé:
cosy = cos 0 cos 0'+sin Osin &' cos(h — 1') (3.16)
Trong 1y thuyét cac ham s6 cdu, ngudi ta dd ching minh riang cac da thic Legendre

Pa(cosy) khi thay thé cosy bang biéu thirc (3.16) s& c6 dang sau:

P (cosy)= Z [P (cos 0)cosmAP" (cos0') cosmA'
m=0 (317)

+c¢'P"(cos 0) sin mAP" (cos0')sin mA. "]
trong do:

d"P, (cos0)

P"(cos0)=sin" 0
d(cos0)™

P"(cos0)=sin™0 %
va c)' la cac h¢ s6 bang s6, hé sb nay khi n =1 bang don vi.
Ham P™,(cos0) dugc goi 1a ham Legendre lién két, khi n=1 va n=2 ta c6 cic gia tri sau:
P!(cos@)=sin 0
P} (cos 9) =3cos0sin 0

P}(cos®)=3sin” 0
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P; (cosy)= %cos2 0sin 0+ 6sin O

P} (cos0)=15cos’ Bsin 6
P} (cos0)=15cos’ 6

Thay vao phuong trinh (3.15) P,(cosy) qua biéu thirc (3.17) ta c6:

ZJ( j [c'P™(cos 0) cosmAP " (cos0')cosmA'
4nr
+c'P"(cosB)sinmAP" (cos 0" sin mA 'Jdm

Vi 6, A va r khong thay d6i khi tinh tich phan nén c6 thé dua cac ham phu thudc vao
chung ra khéi dau tich phan, vi vay:

© n+l o
U= 4L Z (lj z [P (cosB)cosmAc, j r" P"(cof®')cosmA'dm
T n=1 r m=0

+P"(cos0)sin m?»c:J.r " P"(cos0")cosmA'dm]

Biéu thtrc dudi dau tich phan khong phu thudc vao toa d6 ciia diém P va véi hinh cau cho
trudce 1a nhitng dai luong khong doi. Vi vy, néu dua vao céac ky hiéu:

Al =c) I r'P™ (cos8')cos mA'dm

B :cnm_[r'P;“(cose')sinmk'dm (3.18)

thi ta nhan duoc

n+l
U= Z( j Z [Anm cosmA + B sin m?»]an (cos0)
4mr o

Néu lai dua thém vao céac ky hi¢u

A Rn+2gn
va
m _ pn+2y.m
B =R""h, (3.19)

trong d6 R 1a ban kinh ciia hinh cu, thi ta thu dwoc biéu thirc cudi cuing ctia thé tir U

quis\r

m=0

n+l
R & (R . .
U= —Z [—j Z [gnm cosmA + h' sin m?»]PrIn (cosB) (3.20)
Tai cac diém trén mit cau,r=R, thé U c6 biéu thirc sau

U—4—ZZ[g cosmA+h smmk]P cos@) (3.21)
T =1 m=0
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Nhu vy 1a thé tir & trén mat cau, do mot khéi tir nao do nam trong mat cau gdy ra, dugc
biéu dién dudi dang mot tong kép voi mot sd vo han cac sd hang Dong thoi voi mbi mot sd

hang ta thay chiing chira cac ham sb cau pP” (cos 6) vé6i cac hé s6 khong doi g' vahl.
Néu giéi han khai trién dén cac sb hang hang n thi s6 cac s6 hang g va h s& 1a:
N=n(n+2)
T (3.21) ta dé dang thay rang, m khong thé 16n hon n va khi m = 0 tat ca cac s6 hang
chtra cac h¢ s6 h bang khong.

Nguoi ta tinh cic thanh phan ciia trudng X,Y va Z bang cach iy vi phéan biéu thirc
(3.20) theo cac toa do tuong tng, va sau do6 cho r=R, tic la

ouU
LTy

=uoii[(n+l)g: cosmA+(n+1)hy smmk} " (cosB)

n=1 m=0
X oo 1 6U
Oy 89
= —uogg[(g? cosmi+h' sin mk] w
1 oU
Y =— )
Ho rsin® oA
( 9) (3.22)
" cos
= uonz:‘mz;)[mg sinmA —mh’’ cos mﬂ—sine

Vé ban chit ma néi toan bd 1y thuyét Gauss duoc thé hién trong cac phuong trinh nay.
Nhu ta thay cac phuong trinh nay cho phép tinh cac yeu to tru’orng tir cia Qua Dat tal moi mot
diém bat ky trén mat dat, néu nhu biét trude cac hé sb ¢b dinh g™, va h™,,. Vi cac vé phai cua
cac phuong trinh nay dugc biéu dién dudi dang cac chudi v6i vo han céc s6 hang, nén dé co
the su dung dugc cac phuong trinh nay trong thuc té nguoi ta chi gidi han mot s6 hiru han cac
sO hang ma thoi. S6 lugng céac s6 hang dugc gilr lai tuy thuc vao mirc do hoi tu cua chudi
d6. Van d& muac d6 hoi tu cia cac chudi nay con chua dugc lam sadng té nhung chic 1a cac
chudi nay hdi tu cham vi c6 mdt s6 16n céc dj thuong dia phuong va khu vuc do cac "khoi tir "
nam gan mat dat gay ra.

Vi khi n ting, s6 cac hé s6 g™, va h™, ting 1én rd rét cho nén trong thuc té nguoi ta
thuong gidi han s6 hang khong theo muc dd hdi tu cua chudi ma dua vao so luong cac phép
tinh can thiét dé xac dinh cac hé so cd dinh. Chinh Gauss trong cong trinh ciia minh cling chi
gid1 han dén khai trién hang bon (n=4).

Pé xac dinh duoc cac hé sb ¢d dinh g™, va h™,, tir cic quan sat can thiét phai xac dinh
dugc cac y€u to cua truong tur cua qua dat tai mdt s6 di€ém phan bo twong doi déu trén mat dat.

Khi n = 4 s6 cac hé s6 1a 24, vy s6 phuong trinh tdi thiéu phai 14 24.

Tai m6i mot diém c6 thé thanh 1ap dugc ba phuong trinh, nén sé diém tdi thiéu phai 1a 8.
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Tuy nhién do cac anh huong ngau nhién cua cac di thuong dia phuong c6 thé 1am sai 1éch
cac két qua, nén dé dat duoc murc tin cdy 16n can phai sir dung s6 diém nhiéu hon sao cho sO
phuong trinh 16n hon nhiéu s6 an s6 can tim. Chinh ban than Gauss da xac dinh 24 hé sd theo
cac quan sat tai 12 diém. Nhu vay 1a Gauss d giai 36 phuong trinh dé xac dinh 24 4n sb.

~ Trong truong hop d6 nguoi ta sir dung phuong phap binh phuong t6i thiéu dé giai hé
thong céc phuong trinh nay.

Sau Gauss nhiéu nha bac hoc di tién hanh giai hé théng cac phuong trinh nay dé tim cac
hé s bang so theo so lugng cac s hang khai trién khéac nhau.

3.3 Y nghia vit Iy ciia cac s6 hang trong Khai trién Gauss

Nhu ta di thy khai trién thé tr thanh chudi 1a mot phép tinh hinh thitc. Phép tinh nay
dugc goi 1a giai tich didu hoa cau. Tuy nhién, mic dau phép bién doi nay hoan toan c6 tinh
chét hinh thirc nhung cac s6 hang riéng biét ctia chiing, twong tmg véi s6 th tu n, ¢6 ¥ nghia
vat Iy nhat dinh, twong ty nhu trong giai tich diéu hoa (giao dong cta soi day)

Céc sb hang khai trién dau tién tvong Gmg voi n=1 d& dang dugc phan tich ¥ nghia vat Iy
nhat.

That vay khi n = 1, cac phuong trinh (3.22) c6 dang:
X=u, [g? sin © — (g} cosA + h, sin k)cos 6]
Y = uo[g} sinA —h| cosk]
Z=2p, [g? cos9+(g} cosA +h; sink)sin 6}

Vé dang cac biéu thirc nay hoan toan twong tu véi cic biéu thirc ctia cac thanh phén clua
truong tir do qua cau bi tir hoa dong nhat gdy ra. Nhung c6 thé dé dang ching minh rang, cac
biéu thirc nay khong nhitng twong tu vé dang ma con thong nhit v6i nhau vé ban chat. Mudn

vay ta can thiét phai tim cac gia tri ctia cac hé sb ¢ dinh gl g vah)
Tur cac phuong trinh (3.18) khi n=1 ta tim dugc:
Al = J-r'cos 0'dm
B, = Ir'sin 0'sin A'dm
Al = Ir'sin 0'cosA'dm

Céc biéu thirc dudi dau tich phan 1a hinh chiéu cua ban kinh vecto r' 1én céc truc toa do
vuong goc Z, X va'Y, vi vay néu goi chung la z', x' vay'ta co:

A} =[7dm
B, :Ix'dm
Al =jy'dm (3.23)

Ta s€ chiing minh rang cac biéu thic trén la cac hinh chiéu cia mémen tir M cua qua dat
Ién cac truc toa do, tuc la:
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Al =M,; B =M A =M,
Biéu dién mot trong cac phuong trinh (3.23) dudi dang
Al = j pz'dv (3.24)
trong d6 p 1a mat do cua khdi tir va dv 1a yéu t thé tich.

Tir 1y thuyét vé thé tir ta da biét rang, cac khéi tir 40 ¢ thé duoc phan bd trén mit hodc &
trong long vat theé bi nhiém tir, dong thoi mat dd cia cac khoi tir mat ps dugce biéu thi bang
biéu thirc:

P, =1,
tropg do Jn’ la thanh Phén VCC'EO do tLr hoéa J theo phép tuyén ddi véi mit, con mat do cua cac
khoi tir khoi dugc biéu dién bang biéu thuec:
p, =div]
Vi véy, néu thay p, va p, bang cac gia tri ctia nd trong cac biéu thirc (3.24) ta thu dugc:
A’ = —Iz‘divjdv + jz'Jnd_é

Tich phan dau duoc tinh theo toan bd thé tich, con tich phan thtr hai tinh theo mat cua vat
thé. Theo cdng thurc cta gidi tich vecto ta co6 the viet:

-

2divi = div(z'T) - (Tgradz )= div(z T) - J,,.
Vi vay:
Al =—[div(zT)+ [J,dv+[2],dS
Theo dinh 1y Ostrogradski:
I div(z' T)dv = I z'] dS
va do do
Al =[7,dv

Nhu vay 1a ta dd chimg minh duoc A° 13 hinh chiéu ctia mé men tir trén tryc z.

Hoan toan twong tu nhu vay ta c6 thé chimg minh duoc rang
A} = J-J ydV
B, = I J. dv
Biéu dién céac thanh phén cua mémen tir qua cac toa do cuc Oy va Ao
A} =Mcos9,
B, =Msin 0, sin A,
A, =Msin 0, cos},
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o
Al

o M Ai

Hinh 3.4

Y nghia ¥ vat li ciia khai trién Gauss

trong d6 0, 14 goc gitra truc tir cia qua dat va truc quay ON (Hinh 3.4), con A 13 goc nhi dién
gitta mat phang kinh tuyén khong va mat phang kinh tuyén di qua truc tu, toc la cac toa do
ctia giao diém cua tryc tir d6i véi mat dat.

C6 thé biéu dién momen tir ctia qua dat M dudi dang:

M :§RR3th

trong d6 Jy, 1a do tir hoa trung binh,vi vay theo phuong trinh (3.19) ta co:
4
gl = Ethb cos 0,
. 4 .
g = Ethb sin0, cosA,
1 4 . .
h, = gthb sin@,sin A,
So sanh cac biéu thirc ndy voi cac biéu thirc (3.2) ta thay ching dong nhat véi nhau vi

(p0=900— 0o va khi tir hoa d@)ng nhét J = Jy.

Nhu vdy s6 hang dau tién trong khai trién Gauss biéu dlen thé tir ctia qua cau bi tir hoa
ddng nhat c6 mémen tir bang mémen tir trung binh khi qua cau bj tir hda ddng nhét.

C6 thé giai thich tiép cac s hang tiép theo trong khai trién Gauss nhur 1a thé tir ctia 1an
luot nhic¢u ludng cuc tur gay ra.

3.4 Phan chia truong tir ciia Qua Pit ra thanh cac thanh phan "bén trong"
va ""bén ngoai"

Mot trong nhiing két qua chinh ctia 1y thuyét Gauss 1a tim hiéu ban chat cua truong tir
ciia Qua Dat va kha niang phan chia trudng tir d6 ra thanh cac thanh phan c6 ngudn gbc bén
trong va bén ngoai. Chinh ban than Gauss trong khi khai trién chi gi¢i han khao sat thanh
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phan c6 nguyén nhan bén trong. Nam 1885 Smith dau tién da tién hanh khai trién thé tir cta
Qua Pit theo cac ngudn gdc bén trong va bén ngoai qua dat.

Gia str cac khoi tir tao nén truong tir trén mat dat nam ngoai Qua DAt va tap trung trong
mot thé tich V nao do.

Ta hdy khao st thé tir tai diém P do yéu t6 khéi tir nam tai diém M gay ra. Luc d6 ta co:

dU = dm
4np

trong d6 p =PM, r' =OM va y =POM.
Vi vay:

Hinh 3.5

Khai trién truong tir cuia Qua Dét theo ngudn gdc ngoai

dm

411\/r2 +1'?=2r1'cos ¥

dU =

Pua r' ra khéi diu cin, ta thu duoc

dm

2
4nr'\/l+[rJ —2[ Jcosy
r r'

Vi r">1 nén néu nhu ta khai trién bi€u thirc dudi dau can thanh chuoi cdc ham s6 ma cua
r/r', twong tu nhu tiét trudce, ta co:

dU:L y (LJ P_(cosy)dm

4rr' T\ r

dU =

Thé cua toan bo khéi tap trung trong thé tich V, 1d rang s& duoc biéu dién bang biéu thiec:
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Tu tam giac cau PINQ:
cosy = cos B.cos 0'+sin Osin 0 cos(L — 1)
Vi vay néu dit biéu thirc nay vao ham sé dudi diu tich phan, theo (3.17) ta thu dugc:

U=j4nrz(rJ Z[cum cose cosmAP" (cose')cosmk'

n=0 m=0

+c'P" (cos 0)sinmAP." (cos0') cos mA ldm

hoic
=Z{ JZ[coszI( )P cosf')cosmA'dm
n=0
+sin mkj.( i‘l‘ﬂ ]P:“ (cos@")sinmA'dm]P." (cos 6)
r
\%
trong do tich phan ldy theo thé tich V.
Néu ky hiéu:

m

IC“ P (cos®')cosmA'dm =C™

+1°n
v

I 1 Pm cose 51nmX'dm DT
V

i+l 0

thi 1ac do6 ta co:

U= Z(4TJZ cosm\ + D™ sin mA]P™ (cos 0)

m=0
trong d6 C™, va D™, c6 cling mot gia tri tai tat ca cac diém bat ky P va vi vy chiing 14 cac hé
s6 hang sb.
Hon nita, néu lai dua thém cac ky hiéu
Cy=jyR™™
DI =krRY

trong d6 R 14 ban kinh ctia Qua Pat, trong truong hop dé:

S I O m n
U= HZ:(; porre r;)I:Jn cosmh +k. sin mk} P (cos) (3.25)

Bay gio ta s€ tim céc thanh phﬁn Ze, X va Y, theo cac truc toa do trén mat cau, tai do r
=R
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ou
Z. ==y ——

€

- :—ﬁ Sh¥ .m o i
or (4nj§§[njn cosmA + +nk’ sinmAP] (cos@)
) ( ja_Uz_[,: jiz Jy cosmA +k sinmX]w
0 m=0

de
v :_[LJG_U
¢ rsin® ) oL

" (3.26)
(:l;jnz;;)[mjn sin mA — mk!" cosmk]%oese)

Nhu vay néu cé cac kh01 tir nam ngoai Qua Dit thi cac thanh phan truong X, Y vaZ quan

sat dwoc trén mit dat 13 tng cac thanh phan twong tmg c6 ngudn gde bén trong va bén ngoai,
tuce la:

X=X; +X
Y=Y +Y,
7=7; +Z.

D@ dang thiy rang cac sb hang dau tién trong khai trién cta Z., X, va Y. khi n=0 bing
khong, vi vdy ma ngudi ta bat dau lay tong khong phai tir n=0 ma tir n =1. Trong truong hop
d6 cong theo timg sb hang cac biéu thirc (3.22) va (3.26).ta ¢6 thé thu dugc

7= ZZ(M‘)“‘]{[ n+l)g’ —mn]cosm+[(n+l)hm nkasmmk}

n=l m=0

xP" (cos0)

Y= ii(i—:{j[m(gg‘ +jnm)sinmk—m(hnm +knm)cosmk]

n=1 m=0
y P (cos0)
sin©

Neéu dua vao cac ky hi¢u

Zom I =P,
(n+1)gy —nj; =p 62
hrekl =q) |

(n+1)hnm —nk=q""

thi ta c6 thé biéu dién cac thanh phan X, Y, Z duéi dang sau:
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X= —i y [“—j(p cosmA +(q, sin mk)w
n=1 m=0 TC d@
TR P" (cos0)
Y = ZT m_O(Ej (p sinmA —q.' cos mk) —sine

Z:i y (ﬁ](p cosmA+q"" smmk) " (cos )

(3.28)

Tir cac cong thire (3.28) nguoi ta cd thé xac dinh duoc cac phan riéng biét do cac ngudn

goc bén trong va bén ngoai gay ra. That Vé.y, néu tfl’ cac gié tri vé thanh phan thang dimg Z
quan sat dugc nguoi ta xac dinh dugc p’ mva g™y, con p™y va g™y duoc xac dinh tir thanh

phan X, thi tir cac phuong trinh (3.27) ngum ta xac dinh dugc cac hé s6 g™, va h n tuong l'mg
v6i trudng ¢ nguon gdc bén trong va j™, , k™, twong tmg véi truong c6 nguon goc bén ngoai.

Tir cac quan sat truong tur cua qua dat nguoi ta xac dinh duoc phan truong do cac nguyén
nhan bén trong gay ra chiém khoang 94% toan bd truong quan sat duoc. Phin trudng con lai
do cac nguyén nhan bén ngoai gay ra.

3.5 Tu trwong xoay

Khi l4p luan va chirng minh cong thirc (3.28) ngudi ta gia thiét rang truong tir ciia qua dét
c6 theé vo hudng U va cuong do cia n6 duge xac dinh bang phuong trinh:

B= _“o@U

Néu trong khong gian ma tai d6 can phai xac dinh truong B co cac dong dién voi mat do
T, thi truong tir do cac dong dién d6 gay ra khong thé duge biéu dién qua thé vé huéng U ma
phai biéu dién qua thé vecto ctia dong A theo cong thurc:
B= —p, TotA

trong d6 thé vecto A duoc biéu thi bang cong thirc:
A= jldv
vTI

& day r 1a khoang cach tir yéu t6 khdi dv dén diém can khao sat. Tich phan duogc tinh theo toan bd
the tich c6 chira dong dién.

Mot thi du vé truong hop nay 1a trudng tir ¢ trong day dan c6 dong dién chay qua. Trong
nhiing trudng hop nhu vay nguodi ta ndi rang truong tr co6 dac trung xody.

Nhu vay diéu kién dé trudng tir co dic trung xody la tai diém dang dugc khao sat nam
trong vat dan c6 dong dién chay qua, hay néi cach khac, diém quan sat nam trong khong gian
coO chura dong dién.

Khi c6 truong tur xody, khai trién Gauss khong con tac dung nira, vi vay khi trong khi
quyén nam gin mat dit c6 cac dong dién chay qua khai trién Gauss c6 thé duoc xem nhu
khong thé sir dung duoc. Nhung vi phan 16n trudng tir cia Qua Pt do cac nguyén nhan bén
trong giy ra, nén thanh phan xody chi lam sai 1éch mét it cic hé sé g va h ma thoi. Khi co
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phan xo4y tac dung cac hé sd g va h tinh duoc theo thanh phan bic X; s& khac v6i cac hé sb tir
cac so licu cua thanh phan dong Y;.

m m _ _m
an_pnY_rn
m m _ _m
an_an_Sn

Trong truong hop khong co phan xody tac dung vao, cac hé s tinh duoc theo ca hai
thanh phan phai d6ng nhit v4i nhau.

Nho ¢6 tinh chét nay nguoi ta cé thé x4c dinh duge sy hién dién cta thanh phén truong
x04y trong trudng noéi chung.

Khi hiéu so gitra cac h¢ so 1on nguoi ta c6 thé xac dinh dugc dai luong cudong do trudong
tr do cac dong xoay gay nén cling nhu chinh mat d§ cua dong xody.

3.6 Phan tich diéu hoa cau va modun

Nhitng nam gin ddy viéc phan tich diéu hoa cau truong khong doi d6i vo1 cac nghién
ctru dia vat 1y va vil try khac nhau ciing nhu ddi v6i mot s6 bai toan thyuc té co gia tri rat
lon.

V6i nhimng 1y do d6 trong tiét nay ta s& dé cap dén cac dic tinh clia cac phép giai tich hién
dai.

3.6.1 Phan tich diéu hoa ciu

Phén tich diéu hoa cau hi¢n dai thong thuong dua trén mot s6 rat 16n cac sb lidu thuce
nghiém. Tuy nhién khong phai tat ca cac tac gia déu sir dung phuong phap binh phuong t6i
thiéu dé tinh cac hé sé g™, h™,.. Trong mot sb truong hop tinh todn ngudi ta st dung cac
phuong phép "tich phan". Phuong phép tich phan c6 dang nhu sau:

Céc phuong trinh: X ——lﬁ—U Y=- ! a—U, va Z=—8—U trong (3.21) va (3.22)

r o’ rcosQ op or
duoc viét trong hé théng toa do dia ly, tuc 1a trong hé théng khong tinh dén do det cua Qua
bit. Su phu thudc gitta cac thanh phén vuong goc X',Y',Z' trong hé théng toa do trac dia (co
tinh dén do det) va XY, Z c6 dang sau: (v6i do chinh xac dén cac dai luong bé hang hai) c6
dang sau:

7'=7—-¢Xsin20, X'=X+¢eZsin26, Y'=Y
St dung phuong trinh cia mit qua dét

r= a(l —gcos’ 6)

rs a . N , . f . s 4k, fr s A , X:
Vol €= trong do a, b 1a cac ban truc 16n bé cua qua dat cung vadi cac cong thic truy hoi

cua da thirc Legendre c6 thé dwa cac phuong trinh (3.22) toi dang:

n=1 m=0

n

(Anm cosmA + B sin mX)P;“ (cos0)
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X = i = (Cnm cosmA+ D! sin mk)w
n=1 m=0

sin0Y = i Zn: (Ef cosmA + F" sin m?»)P: (cos®)  (3.29)

n=1 m=0
trong d6 A'...F)"1a cac ham tuyen tinh cua g)',h)'. Néu tinh dén tinh chat tryc giao cua cac
ham s0 cau, ta co thé viét:

n+1% F

Al = o ! ! ZP" (cos 8)cos mi sin 6d6dA
2n+1°%F F
B" = [ [ZP}" (cos 0)sin m sin 6d0dA
a4 %
2n+17F 7
cr = [ [Xsin 0P (cos 0)sin m sin 0d0dA
o 9
2n+17F 7
D" = [ [Xsin 0P (cos 0)sin mh sin 0dOdA
4
n 0 0
2n+17F F
EY = J JY sin P (cos 8)cos m sin 8dOd),
a5 %
2n+17F 7
Fm = [ [Ysin6P" (cos0)sin m sin 6ddA (3.30)
. 4 %

Nhu vay viéc phan tich bao gom hai giai doan:

Bing phuong phap gan dung tinh céc tich phan trong cac phuong trinh (3.30) va tinh g,
g™, theo céac dai luong A™,, ..., F™, bang cach giai hé thdng cac phuong trinh tuyén tinh
(3.29...). Khi d6 hé thong cac phuzorng trinh dugc chia ra thanh cac hé théng con riéng biét vi
A", .. ,F7, chi lién hé véi g™, h™, tai cdc gia tri khac nhau cua n tuong ung voi chi sb mot
gid tri cia m. Diéu d6 lam don gian viéc tinh toan. So d6 giai tich cau trén day ciing chinh 1a
mot vi du dé tinh tinh elip cua Qua Dat.

3.6.2 Phan tich modun

Khi tu chinh cac sb liéu do tir ngudi ta cAn phai sir dung mot phuwong phap giai tich cau
moi. P 1a phuong phap phéan tich modun. Vi trén cac vé tinh va tén lira cho dén nay chi méi
do duge T chinh xac nén cong thirc (3.22) khong thé 1am cong thirc co ban dé xac dinh cac hé
s6 diéu hoa cau. Trong trudng hop nay Zamuda dé& nghi xac dinh cac hé s6 g™, h™, bang
phuong phap sau:

Pit vao cong thic T=+vX? +Y? +Z* biéu thirc cua cc thanh phin qua chudi cua cic
ham so cau (3.22), ta thu dugc bicu thirc sau day doi voi T:
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T:(gj“ (202" (n-1)(eF cosmit -+ sinm. )P (cos )
r n=1 m=0
+[ZZ(gn cosmA+h” smm}b)%;ose)]
+ZZ(gn sinmA—h Cosm}»)%] ) 3.31)

Trong tinh todn ta chi gidi han mot s6 sb hang n=N. Khi c6 cac gia tri thyc nghiém cia T
tai cac diém khac nhau thi ta thu duoc mot hé thong cac phuong trinh khong dong nhat chira
cac hé sb g™y ,h™, dudi dang binh phuong. Giai phuong trinh ndy rat cong kénh va kho khin
ké ca khi str dung céac may tinh dién tir hién dai. Vi vay nguoi ta sir dung phuong phap don
glan hoa dya trén viéc tuyén tinh hoa cac phuong trinh. Néu trong phuong trinh (3.31) thay
g™, bang g™ +Ag h", —hmno +Ah™ mtrong do g™, h™yo 1a céac gia tri gan dang cua g™, Va
h™, va Ag™ ny g, Ahmn, h™, , roi khai trién (3.31) thanh chudi Taylor va chi giit nguyen céc sd
hang bé nhit cua Ag™, , Ah™, nguoi ta thu dugc phuong trinh tuyén tinh khong dong nhit
dang:

T=T, +—{Z z [X, cosmkm
0 n=l m=0 9
4, sinmp, 0 (€056)
sin 0

n+2
+(n+1)Z, cosmAP" (cos 0)] (ﬁj Ag,

r

d dP" (cos6)

(X, sinmik mP;" (cos )
0

-Y, cosmA :
sin O

N
2
n=l

n+2
+(n+1)Zosinm7LP:‘(cosG)](&j Ah'}
r

(3.32)

Trong do To, Xo,Yo, Zo la cac gia tri tinh dugc theo cac gia tri gan ding bac khong g 105
h™y0. Hé théng k phuong trinh (k 14 sb cac dlem quan sat duoc ciia gia tri T) duoc giai bang
phuong phap binh phuong tbi thiéu. Cac sb hiéu chinh Ag™,, Ah™, cho phép xac dinh chinh
xac hon cac gia tri g™y, h™,. Cac gia tri thu dugc nay lai du()’c dung dé tinh cac thanh phan T,
X, Y va Z. Qua trinh tinh toan gan dung lai tlep tuc. Ngudi ta tién hanh tinh toan cho dén khi
céc dai luong Ag™, va Ah™, tré nén bé dé c6 thé bo qua dugc. Phuong phap nay duoc ap dung
dé phan tich céac sb liéu do tir trén cac vé tinh "Cosmos-49, 321, AGO2-6" va mot s6 vé tinh
khac.
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