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Tai liéu trong Thu vién dién tw DH Khoa hoc Tw nhién co thé duwoc sir dung cho muc
dich hoc tdp va nghién citu ca nhan. Nghiém cam moi hinh thirc sao chép, in dn phuc

vu cac muc dich khac néu khong dwoc su chap thuan cua nha xuat ban va tac gia.
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Chuong 8
Co s6 1y thuyét vé cac bién doi truong tir

M&i mot phép bién d6i truong dia vat Iy noi chung, truong tir ndi riéng bao gdm viéc bién
doi cac gia tri xuat phat cia chung thanh cac gia tri khac nhd mot thuat toan dac biét.

Bién doi cac truong dia vat Iy duoc st dung dé giai quyét cac nhi¢ém vu khac nhau:

1. Tinh céc dic trung bang sb cta truong tir dugc khao sat (cac thanh phan cua phd,
gradient cua trudng,...) trén toan bg dién tich nghién ctru hodc trén mdt phan nao do.

2. Tang truong hay 1am yéu di anh huong ciia cac ddi twong dia chat c6 kich thudc va do
sau khac nhau tao nén trudong tong cong.

3. Loai b anh hudng clia cac nhiéu ngau nhién doi véi truong can nghién ciru ciing nhu
tach cac di thuong yéu trén phong nhiéu.

4. Chuyén tir mot thanh phan truong nay sang thanh cac thanh phan truong khac (Vi du
chuyén tir Z, thanh H, hodc tir (AT), thanh Z,).

5. Téch cac di thuong dia phuong hoac st dung truc tiép cac gia tri da duoc bién dbi dé
xac dinh cac thong s6 cua mo hinh vat ly (minh giai dinh lugng cac so li¢u tr).

6. Nghién ctru ciu tric ciia trudng tir trong nira khong gian trén (d6i véi ngudn truong
gan nhat).

Rét nhiéu cong trinh nghién ctru khoa hoc lién quan dén van dé da dugc cong bo.

8.1 Biéu dién pho cac ham s6 va cac qua trinh ngau nhién

8.1.1 Biéu dién cic ham s6 bing chudi va tich phan Fourier

Nhu tir toan hoc dd biét ham f(t) bat ky théa mén diéu kién Dirichslet c6 thé dugc biéu

dién dudi dang sau trong khoang tir — % dén %

2mkt .
+b, sin
T

f(t):%ao+i[ak cos (8.1)

2nktj



mtkt

. A A N . 1N LAr A A ) 2n | .
trong d6 la tan s6 goc wy do bang radient/s va la boi cua tan s6 co s6¢ ©, = T con cac

hé s6 ay va by dugce xac dinh bang cac cong thirc Euler — Fourier

2 ;
a, =T If(t)cosmokdt ;

jf(t)sin o, kdt . (8.2)

Néu ham f(t) chin, tirc 1a f(t)=f(-t), tit ca cic hé sd by déu bang khong. Truong hop
f(t) 1a ham s6 16 f(t) = —f(~ t) thi tit ca a bang khong.

~ Trong truong hop tong quat nhu ta ¢6 the suy tir biéu thirc (8.1) 6 the bicu dién mot ham
bat ky ¢ dang tong cac thanh phan chan 1¢.
Néu dung cong thirc Euler ta ¢ thé viét (8.1) duéi dang phirc:
ks —1 . * +1 .
F() = Sa, + 3 2 T 0k g 30 2 F o (8.3)
2 k=1 2 k=1 2

Néu thay d6i ddu trong tong tht hai va lac d6 tinh dén tinh chin va 1é ctia cac hé s ay va
by ta c6 thé viét lai bi€u thue (8.3) dudi dang sau:

1 k=xa —ib, .
f(ty=—a,+ ) ———*e™
0 =3a, Z 5

Néu ky hiéu
S, =& —k (8.4)

A A 1 Ae N ’ Ak
va chu y rang So:anaCUOI cung ta co thé viét

k=0
HOED IR (8.5)
k=—0

Dt vao dang thirc (8.4) céc gid tri ay va by tir bicu thirc (8.2), va sau nhiing bién doi
khong phtrc tap ta c6 thé thu duoc
1 T/2
_ —iot
Se=o _ Tj/ f(t)e dt (8.6)
Céc biéu thuc (8.5) va (8.6) 1a cap bién déi’ Fourier gian doan lién quan v6i nhau. Toan
bd Sk dugce goi 1a phd phire mét chi€u ciia ham so {(t):



S, =[S e (8.7)

Céc modun Sy tao nén thanh phan phd bién do,gia tri cia ching theo (8.4) c6 dang:

|S | = 1/a +b; , con thanh phan pha ctia pho 1a gia tri ¢, = arctgb—

k

Tir biéu thirc (8.7) ta suy ra rang, cac phd bién do va tan s cua ham sé duge biéu dién
bang chudi Fourier ¢ dang phirc d6i ximg ddi véi tan sd khong ma tai d6 bién do bang (1/2)
ag con pha bang ¢o =0. Bién do | Sk ‘ duong dbi v6i ca tan sd duong va am, con pha duong
d6i voi tan s6 duong, va am ddi véi tan sé am. Mdi mot phd dao dong sau léch pha voi phd
dao dong trude va su 1éch pha &m twong ung v6i su dich chuyén cac hai vé phia tri duwong cua
t (trong trudng hop ndy mdi mot hai sau lai cham so véi hai trude).

Néu nhu tich phan

L

f(t)° dt‘

o=

ton tai thi d6 1éch binh phuong trung binh f(t) d6i véi khai trién dang (8.1) va (8.2) s& cuc tiéu
trong truong hop khi céc gia tri ay, by va Sy duge xac dinh bang cac cong thic (8.2) va (8.6),
con chinh cac gia tri ay, by va Sy c6 xu hudng tién t6i khong khi sd séng k ting (Pinh 1y
Reeman- Lebeg). Trong truong hgp d6 (Pinh 1y Parsevale) ta c6 :

0 |

I£(t)"dt = _i|sk|2 (8.8)

SRR

Pho bién d6 thudong duoc goi 1a phd ning lwong, vi tong cic binh phuong cac bién do
trong khai trién (8.8) bi¢u thi ning lwong chung ctia qua trinh. Néu dat gia tri Sy tir dang thic
(8.6) vao (8.5) taco
T/2

f(t)= Ze“” okt j f(t)e o dt (8.9)
-T/2

trong do thay cho oy nguoi ta dung mok .

Néu ting khoang tich phan (-T/2, T/2) d&én v6 cung, ham f(t) bién thanh ham khéng c6
chu ky (khi khoang tich phan gi¢i ndi f(t+mT) = f(t)). Khoang cach giira cac hai ké tiép nhau
duoc xac dinh bz‘?lng tan sd co s6 wo =21/T , lac d6 sé tién tGi khong, con tich mok tré thanh
tan sd goc o thay doi lién tuc. Pua cac thay ddi tuong tng vao biéu thic (8.9) va dit 1/T nhu
dw/2n ta co

£(t) = - [¢*do [£(t)e ™ dt (8.10)
2m 7, -



Tich phan thr hai duoc xem nhu phd S(w) lién tuc va nhu va c6 thé biéu dién f{(t) dudi
dang

()= [S(o)*"do 8.11)

trong do
= [f(t)e " dt (8.12)

Céc biéu thire (8.11) va (8.12) 1a cap bién ddi Fourier cua ham khong chu ky. Nhiéu khi
nguoi ta viét chung dudi dang do6i xtrng bang cach dung cung mét hé s6 nhan trudce tich phan
1

Nrd

Su khac nhau c6 tinh nguyén tac gilta pho cua cac ham khéng chu ky thu dugc tir cac
bién d6i Fourier dbi voi pho phuc gian doan (trong khai trién thanh chudi Fourier) ¢ chd trong
truong hop dau su thay doi tan sb xay ra lién tuc. Bién d§ phtc dS cia moi mot dao dong

riéng biét vo ciing bé va bang dS = —S(co)dco . Tt do:
T

S(0)="> (8.13)

Tir phuong trinh (8.13) ta thiy rang S(w) twong ung v4i tan sé o cho trude 1a mat do phod
bién do trong khoang dm.
Né:u trong (8.12) thay ham s6 mil bang cac ham luong giac theo cong thirc Euler ta c6 thé
viét:
= J.f(t coswdm — i.[ f(t)sin odw =
= A(0)+iB(0)=[S(0)e™ =[S(w)(cos ¢ +isin @) (8.14)
Trong biéu thirc nay tich phan dau tién 14 bién ddi cosin Fourier (thudc phan chin cua

ham s f(t)), con tich phan thtr hai bién ddi sin Fourier (thudc phan 1¢ ctua ham f(t)). Bién d6i
f(t) dudi dang thye c6 dang:
f(t)= ! ReD S(w)e™ dm} 1 '[ [A(®)cos ot — B(w)sin ot Ho (8.15)
T
0

n 0

Déi khi trong khi bién ddi dé cho thuan tién nguoi ta chuan hoa sao cho

T|f(t)|2dt 1.

Trong trudong hop dé
“S(m)zdm =T .

B(o)
Alo)

Pho pha ¢(®) duoc xac dinh bang argument S(w) va co gia tri bang (p(c)) = arctg



Khi phan tich phd cac truong dia vat 1y cho truong hop bai toan hai chiéu, bién sb t luc nay
dugc thay bang bién x (khoang céach gitra cdc diém quan sat), thi ® c6 thir nguyén 1a nghich
dao voi khoang cach (tan s6 khong gian) duge biéu dién bang radian/km hodc radian/m. Khi
-2 . X 2 A A £ A g A A Q] As  ge X .
bi¢u dién pho thay cho tan s6 goc o ta cd thé dung tan s f = P boi vai chuodi Fourier, g
T

s€ duogc xac dinh béng 2n/L, trong d6 L chiéu dai tuyén ma trén do6 ta xac dinh dugc ham
f(x).

C6 thé tién hanh bién d6i Fourier ddi v6i ham s6 ¢6 nhiéu bién sé. Dac biét ddi véi
truong dia vat 1y duoc biéu dien dudi dang ham f(x, y) ta co:

_ l © [ i(ux+v )
f(x,y) = EJ:@ LO S(u, v)e "dudv

1 e —i(ux+v.
S(u’V):z_nLo LO f(x,y)e (e gxdy (8.16)

trong d6 S(u, v) 1a phd phtc ciia ham sb f(x, y) trong mién tan s6 khong gian u va v. Trong hé
théng toa do cuc (1, @) va (p, 0)
1

f(r,p)= g J:c _[: S(p, 0)e ™ *?)pdpd6
S(u,v)= i _[: I: f(r, (p)ei"rcos(e“”)rdrd(p (8.17)

trong vé trai va vé phai ctia khai trién (8.17) néu ta tién hanh tinh tich phan theo ¢ va theo 0,
va dua vao ky hiéu:

L X0

1 (2n
S(p)=——]."S(p.0)de. (81.8)
r 127-C 0 2
sau khi phan chia cac bién s6 ta nhan dugc biéu thirc cia f(r)
1 0 2n irp cos(0—
f(r)= Ejo S(ppdp[ e dg (8.19)

tich phan thir hai trong biéu thirc nay voi hé s6 (1/2r) 1a ham sé try Bessel hang khong:

1 © _+ipreos(0-
2 e Ao =, (pir)
tir d6
£(r)=["S(p), (p.r)pdp (8.20)
tuong ty :
S(p)= [ £(e)7, (p,r)rdr (8.21)

Céc biéu thirc (8.20) va (8.21) 1a bién ddi Henkel hang khong. Nho né ma ta c6 thé bién
do61 bai toan hai chi€u vdi ham hai toa do thanh bai toan mot chiéu bang cach st dung cac gia
tri trung binh theo vong tron cia ham hai chiéu.



8.1.2 Cac tinh chit co ban ciia phép bién d6i pho

* Tinh tuyén tinh ciia cic bién doi Fourier
Bién ddi Fourier 13 phép bién ddi tuyén tinh, tirc 1 phd cia tong cic ham bang tong phd
cua cac ham riéng biét
Sy(®) =2 Su(w)
Khao sat biéu thirc (8.14) ta thiy rang:
A(0) =A(-0) ; B(o) = -B(-0) ; ¢(0) = -9(-0)
A(0)=]" f(t)dt, B0)=0; ¢(0)=0

Tir d6 ta suy ra rang phan thuc ciia pho 1a ham sé chin cua tan sd, phd pha 1a ham s6 1é
cua tan so0. Tu céc biu thuc (8.14) ta cling suy ra rang, cac ham f(t) va f(-t) tuong trng vdi cac

pho lién hop S(w) va m

* Phé dao ham
Tuong tng v6i biéu thirc (8.2)
S'(w)=[ f(t)e ™ dt
tich phan theo timg phan ta thu dugc:
S'(o) = f(t)e ™|, + 1coj Je dt

vi ham f(t) diéu hoa tai v6 cling ( trong truong hop nguoc lai d6i v6i ham d6 ta khong ap dung
duoc phép bién d6i Fourier), nén s hang thtr nhét trong tong bén phai phai bang khong va vi
vay:

S'(0)=i0S(w)

Bang cach twong tu ta c6 thé chirng minh duoc:

5 ()= (o) S(o)

*Pinh Iy vé ty 1é xich.

Néu trong ham f(t) thay t bang mt thi sy thay thé nay tuong duong voi su thay déi ty 1€
xich ngang trong khi v& f{(t). Tich f(t)dt khi d6 khong thay doi, cac gia tri cia ham sb lic do
can phai dugc nhan cho cung mot hé s6 m. Vi vay, phd ctia ham f(t) trong ty 1¢ xich méi c¢6
thé duoc viét dudi dang:

~mt

S, (0)=]" f(mt)e d(mt):S($] (8.22)

Tir biéu thirc ndy ta thdy rang, ty 1é xich cua phd trén truc tan sb ty 1& nghich véi ty 18
xich trén tryc t ; Khi ham f(t) gian ra thi pho cua n6 co lai, khi ham co thi nguoc lai pho lai
gian. Pi¢u d6 co6 nghia 1a tin hi¢u trén truc t cang ngan thi pho cua nd cang dai va nguoc lai.



* Pinh 1y vé sir dich chuyén

Khi dich chuyén ham f(t) mot khoang t trén tryc t:

S.(0)=[ ft+cle™dt

Néu thay t+1 bang 6, ta thu dugc:
S.(0)=¢ [ f(0)e™"d0

Tich phan theo 0 bang pho ctia ham khong bi dich chuyén vi vay phu thudc vao dau ciia t
ta co:

S, (0)=S(w)e™" (8.23)
Str dung biéu thirc (8.14):

S(m) = A(oo) + iB(oo) = |S(0))|(cos @ +1sin (p)
ta d& dang chirng minh rang phan bién d6 ctia phd khi dich chuyén tin hiéu theo truc t khong
thay doi, con phan pha dich chuyén mot khoang +mt

0, ((o) = (p(co) T ot (8.24)

Diéu nay c6 nghia 1a trong phd dd xuat hién phan tuyén tinh di xut hién trong do, do

1&ch ctia n6 doi voi true t duge xac dinh boi gia tri va dau cua khoang t. Luc d6 doi véi ham
s6 chan f(t) d6i xtmg d6i voi diém t = 1, duong thang nay di qua goc toa d trong mién tan so,
con doi véi ham so 1¢ duong thang di qua cac diém + /2.

*Dinh Iy Reili

Cho trude hai ham fi(t) va f5(t) . Poi voi ham thi nhat:

f(t)= i iSlei"“dm (8.25)

Néu nhan hai vé cta phuwong trinh cho f5(t)dt va lay tich phan tai cac cin vo cing, ta thu
duoc:

J'jo f, (t)fz (t)dt = 2_17c J._Z f, (t)dt.[: S, ((D)eimt do

Néu thay d6i thir tw 1dy tich phan trong vé phai, ta c6



Ji f1 = —j (o)dco

Str dung biéu thirc (8.14), phan chia phén thuc va phén ao, ddi véi phén thuc ta thu duoc:
o0 l 0
_Lc f, (t)fz (t)dt = ;J; |Sl (C‘))Hsz (C‘))| COS((Pl -0, )dm
Tur @6 khi fi(t) = £5(t) = f(t) ta co:
[ £ (t)de = % [ Is(@)do (8.26)

Theo ¥ nghla vat 1y S(o) S(-o) =[S(o)|* 1a mat d6 phd ning luong va dinh 1y Reili
tuong duong v6i dinh 1y Parseval d6i voi ham tuan hoan. Tir d6 ta suy ra rang c0 thé thu duoc
phd ning lugng bang cach tinh tich phan binh phuong modun ciia phé.

*Pinh ly Borell .Tich phan chép cua hai ham f{(t) va h(t) dugc xac dinh nhu sau:

F(0)= () he)=[ fle-oh()dz = f(e)le )i (8.27)

Néu tich phan trong (8.27) ton tai thi dang thic trén ciing ding khi cin bang V0 cung. Ta
hay tinh pho cua tich phan chap, nhan vé trai va phai cta dang thire (8.27) cho ¢’ dt va tinh
tich phan cac biéu thuc thu dugc ¢ cac can vo cung:

S(w) = fme*i“’t dtﬁo f(t — t)h(t)de

Dit t-t =0 va thay d6i thi tu tinh tich phan, ta thu dugc:

S(@)=[" e™n(x)[” e f(6)d0

Ca hai tich phan déu 14 phd cia cac ham s6. Tich phan dau 1 phd ctia ham h(t), tich phan
sau 1a pho ctia ham f(t-1).
Néu ky hiéu chiing turong tmg bang H(m) va So(m) ta thu dugc:
S(®) = So(®) H(w) (8.28)
Déi v6i ham hai bién, tich phan chap c6 dang:

Fix.y)=[" [ f(x-&y-nh(gn)edn (8.29)

theo 1y thuyét vé tich phan chép ta c6 thé viét:
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S(u,v)=S,(u,v)H(u,v) (8.30)

Ly thuyét vé tich phan chap c6 gia tri rit quan trong trong khi khao sat su bién doi cac
truong dia vat ly. Trong truong hop tong quét (bai toan mdt chidu) trudng duge bién déi F(t)
c6 thé dugc biéu dién dudi dang bién d6i tich phan:

F(t)= [ £(t-th(chde (8.31)
tie la dudi dang tich chp cta hai ham s6: f(t-1) trudng xuét phat, h(t) 1a nhan hoic dic trung

chuyén ciia phep bién doi. Ty so giita pho cuia F(t) hoac cua F(x, y) voi phd cia truong xuat
phat duoc goi 1a dic trung tan sb ctia phép bién doi:

oy
—_
£
<
~—
I
9]
—
=
<
~

(8.32)
SO(u,v)

Su lién h¢ gilra nhan bién doi va pho cia né dugce xac dinh bang bién doi Fourier.

Néu dung bién d6i Henkel hang khong ta c6 thé viét

S(p) =So(p) H(p) 7
trong d6 S(p), So(p) va H(p) la pho cua cac ham F(r), f(r) va h(r) cho truéc duge tinh trung
binh trén vong tron ban kinh r trén mat phang.

* Cac ham so voi pho gioi noi

Ham f(t) ma phod cua né chi ton tai do1 vdi cac tan s6 nho hon moét tan s6 . nao dé duogc
goi1 la ham vé1 pho gidi ndi. Boi véi ham do, pho S (0> ) = 0 va vi vay ta c6 thé biéu dién
n6 dudi dang sau:

f(t)= i " S(w)e do (8.33)

Pé xac dinh S(o) trong khoang [-o., ©.] ta hiy khai trién S(®) thanh chudi Fourier
® i—nkm
®)= Y D™ . (8.34)
k=—0

Trong biéu thirc nay khoang 2. ¢6 ¥ nghia nhu chu ky co s& T, con o tuong dwong véi
thoi gian ma theo d6 viée khai trién thanh chudi Fourier dugc tién hanh.

Tuong tng voi cong thirc (8.6), cac hé sd Dy trong khai trién (8.34) dugc xac dinh nhu
sau:

1 @ 71'%1(0)
D, zz—wc_j S(@)e * dw
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(8.35)
Néu str dung cac biéu thic (8.34) va (8.35) ta c6 thé thu dugc biéu thirc ddi véi f(t) :
—ij"% (3D e‘i‘zkm)ei”tdm (8.36)
27[ 0 k=—o0 :
Tinh tich phén trudc khi tinh tng, ta cé:
2 sino, [t+(n/ o, )k]
f(t) =— Z . ) (8.37)

T t+(n/o,)k

Nhur dé néi ¢ trén, /. twong duong voi thoi gian t, tir do suy ra rang (T/mc)k = At. Tién
hanh cac thay thé tuong ung vao trong bicu thirc (8.35) ta thu dugc

=f(t)At

Dleu do ndi Ién rang (101 v6i cac hé s6 Dy co hai cach biéu dién twong dwong: mét trong
mién tan s va mot trong mién khong gian:

D, = —f[— ﬁ] Atf (- kAt) (8.38)
(Q) (Q)

Dit gia tri nay cta Dy trong mién thoi gian vao biéu thirc (8.37) ta thu duogc gid tri cudi
cung

-y £ (ian) SN 9. (t kAL (8.39)
et o, (t — kAt)
Nhu vay ham f(t) dugc biéu dién dudi dang chudi cac ham luong gidc ma cac hé sb cla
chudi d6 1a cac gia tri ciia ham sd qua khoang At =n/m, =1/2f,. Tan sb f. dugc goi 1a tan sd
bién ctia phd tan sd. Biéu thirc (8.39) chimg minh dinh 1y Cachennhicép: Mot ham véi phd
gi61 han hoan toan dugc xac dinh boi méot ) gid1 ndi cac gia tri cua nod trong khoang [-o. ,o.

]

Khi khai trién cac ham s6 thanh chuoi Fourier véi pho gidi han thi s6 c4c thanh phan cta
chudi tré nén gidi ndi va ta co the viet

Vi o = (2n/T)n nén doi véi so céac hai n ta cod



12

n=o. 721 =f,T (8.40)

Cac truong dia vat ly thuong duge xem nhu la cac ham co pho gidi han ngay ca khi
nguol ta quan sat cac ham do mét cach lién tyc. Viée cét bo cac tan sd cao trong truong hop
nay duoc xac dinh boi dic trung tin sd cia may do. Khi quan sat gian doan cac truong, ta
ludn c6 thé tiém can cac truong nay véi cac ham ¢ phd gidi han ( @, =n/Ax). Cac ham nay tai
cac diém gian doan nhén chinh gia tri do dugc. Can phai lam sang to thém ¥ nghia vat 1y cua
dinh ly Kachennhicop: V& hinh thuc c6 thé viét ham lién tuc duéi dang tich phan chap:

f(nat)= [~ £(t)5(t - nAthit

trong d6 §(t-nAt) 1a ham delta bang khong véi tat ca cc gia tri ctia t trir tai cac diém nut ciia
cac doan nam cach nhau mdt khoang At. Gia tri 8(t) tai cac diém nut d6 bang vo cung con
tich phan:

[ 8(t)dt=1

Tir dinh nghia vé ham 3(t) ta suy ra rang: Ham §(t) 1a ham tuan hoan véi chu ky bang At
va vdi tan s6 goc bang s =2m/At (tan so f; =1/At). Trong mién tan s6 phd cia ham s6 nay cé
chu ky s, tirc 1a:

S&(w)zss(c‘)"' Cl)s)
_ Trong thuc té& At duoc chon tir didu kién At = (0,1 - 0,2)T, trong d6 T 1a chu ky cta ham
can nghién ctru.

8.1.3 Pho ciia mdt s6 ham va ciia cac di thuong tir

Tir mot s luong 16n cac ham ma phd cua chung co gia tri trong 1y thuyét thong tin da
duogc mo ta trong cac tai liéu dac bi¢t (Khackévic A.A. 1958), ta chi khao sat phé cia mot
xung don vi (ham delta Dirac), ham chuong (duong cong Gauss) ma dang cua n6 dac trung
cho nhiéu dj thuong dia vat 1y.

Ham delta nhu da néi trén, bang khong ¢ tai moi noi, trir goc toa do ma tai d6 n6 bang vo
cung, con dién tich xung:

[ a(thae=1.

Khi c6 sy dich chuyén 1, pho ciia ham nay s€ 1a :
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S(w)=[ 8(t -t dt=c"" (8.41)

Médun cua phd nay bang don Vi, didu d6 c6 nghia 1a mat do pho khong thay do6i trong
giai tan s6 vo cung. Dbi voi xung ngin dang bit ky dugc miéu ta bang ham so f(t) véi phd bi

., .1 A cr a1y A~ , ‘. , T T - ST
gi6i1 han, tic 1a nhan gia tri bang khong ¢ ngoai khoang {— 5,5} ta c6 thé viét

Khi 1 bé ham s6 mii gan bang don vi, di€u do6 tuong Ung vdi di€u kién /2 nhd hon
nhiéu don vi ta co6 thé viét:

trong do q c6 y nghia nhu 1a dién tich cta xung.
- Co thé ching minh rang xung nay cang ngan thi phod cang rong. Tinh quy luat chung do
xuat phat tir cac tinh chat ctia phép bién doi Fourier (Pinh 1y ve ty I¢ xich).
Xung hinh chuéng v& mit giai tich dugc biéu dién bing ham sé f(t)=e*"
Phé ctia no:
2 O e (il

S(w) = je_thze_i“‘dt —¢ ¥ J- P dt

—00

Sau khi tinh tich phan nay ta co6

2

Jr o

S(w) = ?e b (8.42)

Tir d6 ta thiy ring phd ctia ham hinh chuéng c6 tinh chit dic biét: Phd cua nd c6 dang
nhu chinh ham do6.
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Dé tim pho cua cac di thuong tir do cac vat thé don gian gdy ra can phai ap dung bién doi
Fourier ddi véi cdc ham giai tich va tach phan thyc ra khoi phan ao.

Vi du dé cho s¢i day cuc nam ngang bic¢u thurc tir cua nd voi vi tri goc toa do bat ky co
dang :

MOJ —iot [* h
S(w —dx
( ) 21 L" x> +h®
Str dung cong thire tich phan

J‘w h —iox —‘w‘h

———¢ dx=me
©*x“+h
ta thu duoc
J .
S(w) = “TOe*‘”heﬂ‘”é (8.43)

Phén thyc (mddun) cta nod la:

|S((o} = Mol e "

Phan thuc nay 13 ham sd, giam theo quy luit ham sé mii khi tin sd ting.

Can thay rang pho nay chinh 1a pho ctia hinh try tron ndm ngang, phé di thuong Z do
hinh try tron ndm ngang gay ra co thé dugc tinh theo 1y thuyét phd cta dao ham. Néu vi phan
(8.43) theo h

S'((o) = icoS(co) = MTOJ e e (8.44)
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Néu 14y phan thyuc ciua S(w) va thay J bang M, ta c6

S(w :%_Mme*mh
(o) = 2

Pé tinh pho di thuong do bac nghiéng bi tur hoa théng dung gay ra ta chi can dung biéu
thirc (8.44) va tich phén biéu thic nay theo dién tich cua tiét dién thang dung cua béc Q trong
mit phing xOz vi tac dung cua bac tuong duong vdi tac dung cua tong mot s6 vo cung lon
céc dién tich co ban dS ma mdi mot yéu té co ban d6 co thé dwgc xem nhu hinh try tron nim
ngang. Pho cua bac do vay sé bang tich phan cac phd cua hinh try tron theo dién tich Q. Néu
chon géc toa do tai diém O 1a giao diém cta mat nghiéng cta bac voi truc Ox va néu dung cac
ky hiéu duoc vé& trén Hinh 8.1 ta c6 thé viét:

S(0) = U2 [ e e e

Pau tién tinh tich phan theo & rdi thay cac can, ta thu dugc

_M_OJ G2 Q)C(l—ictg(x)
S((o)— o Ll e d¢

o M(x.0)
._..J- o o

A(x, h)

B[-(x-a). H]
Hinh 8.1
Tinh Z, va H, dbi v6i bac nghiéng

Sau khi tinh tich phan theo  ta co:

S( )_ ( —Ctg(l) (e“ﬂ(gz—iQ) _e—m(cl—cz))
(otg o

C6 thé viét lai biéu thirc trén dudi dang thuan tién hon bang cach sir dung cac diém goc
trong tiét dién cua bac dudi dang sau: ( T =C -i&)

(o) %tg)( o) (3.45)
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Sau khi biéu dién ¢'®* dudi dang cac ham sb luong giac va thuc hién cac bién dbi cin
thiét ta c6 the thu dugc modun ctuia pho

S(w) = 2(;[0;2& [e ™" (cos m&, ctgasin ©E , ) —

—e ™M (cos &, ctga + sin &, )]

Khi a=90" (bac thing dimg):

J
S(w)= —2;;2(1 (e_“”2 —e™ )

|S(co)| = % (e ohe _gmoM )cos oS (8.46)

Néu géc tinh toan dugc chon nam trén diém dic biét gf?ln nhét, con diém dic biét tha hai
c¢6 T 16, thi khi o du 16n c6 thé bo qua anh hudng cia diém dic biét thir hai, vi e ™ trong
bicu thtrc (8.46) s€ gan vdi khong, ta thu dugce

J
S((X)) — MO . efu)‘rl
2mtg o
va tir biéu thirc (8.46) (khi £=0)
“Oj —oh
S(w)=——"=—e™" 8.47
| ( 1 20tg o ( )

Néu sir dung thé trong luc phirc cua thanh vat chat nim ngang
V(t)=2fcInt

Dé xac dinh dao ham cua thé khi cho trude tiét dién ngang S can phai tich phan biéu thuc
trén theo mt S. Vi du trong trudng hgp bac ndm ngang véi V, = %(VXZ —1iV,, ), thanh phan

nay chinh 13 gradient ndm ngang ctia cudng do truong phiic (V,, = -Vyy), ta co:
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Vi 2fo [ S— j (8.48)

_ictg(p—l T-T, T—-T,

trong d6 t; va T, 1a cac toa do phtrc ctia cac goc cua bac, ¢ la goc cam ciia mat bén.
Vi lang tru ndm ngang co tiet dién ngang la mdt da gidc va truong cua nd co thé dugce

xem nhu la chong chat cac truong cua cac bac nam ngang, dao ham trén c6 dang

Ay

1T—T,

M=

VXXZ = i (VXZ - iVZZ ) =
Ox k

(8.49)

trong d6 Ay 14 cac hang sé phirc nao d6, twong ty nhu hé s6 trong (8.48), 1y 1a toa d6 phuc ciia
cac dinh cua tiet di¢n ngang cua lang tru ngang.

Pho ctia ham (8.49) cho trudc trén tuyén nam ngang (trén truc Ox) sé bang:

S, (w)= A f EELEEREN

k 00
k=l X =Ty

Tich phan trong biéu thirc nay c6 thé tinh duge nho 1y thuyét thing du:

0 eimx i
_[ dx = 2mie'™

S X T Ty

tir d6 ta di dén dang cudi cung:

S, (@) =2mi) A" (8.50)

k=1
Phé ciia cudng do trudng phic theo 1y thuyét vé dao ham c6 dang:
2ﬂ: N it
S/ (@)=—"=D A" (8.51)
O k=

Nho phuong trinh Poisson (v6i fo = 1) ta ¢6 thé dé dang xac dinh duge biéu thic cta
cuong do tur phirc:

H-iZ = —ZLJI(VXZ —iV )e” (8.52)
T

trong do y 1a goc gitta do tir hda J va truc Ox
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Pho ctia n6 twong tmg voi biéu thie (8.51) bang:

27[ C iot
S, (w) =—EZBke : (8.53)
k=1

trong do .
Bk = Ak( —J ew )

Phé ctia ham phirc do AT, gy ra vi co dao ham cuing hang co6 cau tric tuong tu. Cac hé
s6 Cy trong truong hop d6 chi khac véi cac hé s6 B, mot hé s6 nhan ma thoi.

Khi ¢6 ph ctia ham cudng d6 trudng tir ta c6 thé dé dang tinh duge phd cua gradient cia
truong do.

S, = %ZBkei"”k (8.54)

Pbi v6i diém dic biét gan gdc toa do duoc chon khi tinh phd, d6 sau h = h, 1a gia tri bé
nhét trong s6 cac d6 sau hy duoc xac dinh qua cac biéu thire thu duoc & trén. Vi vay khi o 16n
c6 thé bo qua cac gia tri cta cac sd hang véi hy >h; va ta thu dugc dang thirc gan ding dé xac
dinh toa do phirc 1, =x;-1h;

S3 ((D) ~ EBleimxef(ﬂhl
2
Tu do

S, ()| ~ “7°1|B1|e‘“’h' (8.55)

Néu chon hai tan s ¢6 dinh o, va w; va lay loga cac biéu thirc (8.43), (8.44) hoic (8.55)
ta thu dugc cac cong thirc tinh todn dé xac dinh d6 sau cua s¢i day chtra cac cuc cua hinh tru
tron ndm ngang hoac diém dac bi¢t gan nhat ctia vat thé tao nén di thuong hai chiéu.

S, ()| ~ “701|Bl|e-whl (8.56)

Céc phuong phap phan tich dua trén viéc biéu dién phd s& duoc khao sat trong cac phan
sau .
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8.1.4 Biéu dién pho cic qua trinh ngiu nhién

Truong tr khong nhiing dugc xem nhu ham xac dinh thudc 16p cdc ham giai tich (ham
thé) ma con duge xem nhu 13 mot thé hién cia ham ngiu nhién giy ra do sy phan bd ngau
nhién cta do tir hoa (ngudn trudong) trong vo qua dat. Voi cach tiép can thong ké do, su lién
hé gilra cac gia tri riéng biét cua trudng voi cac toa do x,y dugc dic trung bdi mot xac sut
nao dé p(x, y), con chinh qué trinh ngau nhién duoc mé ta qua cac moémen tuong quan. Doi
khi nguoi ta con phai thong nhit cac cach tiép can thong ké va cach xac dinh, tirc 1a biéu dién
truong dia vat ly duoi dang hai thanh phan: thanh phan xac dinh do mot m6 hinh vat Iy nao do
vé su phan bd cac ngudn truong va thanh phan ngau nhién do cac sai 5O trong khi quan sat
cling nhu do céc nhiu khac ma trong s d6 ¢ cac nhidu c6 ngudn gdc dia chat gay ra.

Ta hiy khao sat chi tiét hon cic thong s ddc trung cho ham ngiu nhién cua truong dia
vat 1y. Cac thong s6 do 1a cadc mémen tuong quan bac nhat : P9 ky vong toan hoc cua ham
ngau nhién mot chiéu &(x):

gx)=M(x)=[xp(x)dx  +

Momen twong quan bac hai : ham sé tu tuong quan
B(x,x +1)= M[& x+r] ij x,p(x,, %, )dx,dx,

Ham ngau nhién duoc goi la chuin dimg, néu nhu cac gia tri M(&) va B(€) khong phu
thudc vao viéc lua chon diém gdc dé tinh toan trén tryc x. V&i cac ham chuan dimng mémen

tuong quan thi nhét 13 gia tri trung binh ctia ham s6 &(X) , coOn momen tuong quan thir hai 1a
cac gia tri trung binh cia (x)§(x + 1) - Ham B(x,x+7) trong truong hop do6 tré thanh ham
ctia mot bién t ( dich chuyén theo truc x). Him ngau nhién chuan dimg duoc goi la égodic

néu nhu gia tri trung binh ctia n6 theo tap hop &(x) va E(X)&(x + 1) vdi xac sudt cao bang gia
tri trung binh theo x. Nhu thuc nghiém da chiing minh cac truong dia vat 1y thuc khi d¢ dai
ctia tuyén kha 16n c6 tinh chuan dung va égddic. Vi vy dbi voi cac truong do cac gia tri cua
cac mémen tuong quan co thé duge viét diroi dang sau:

L

&(x )dx

0

. 1
M(é) = th—>oc EI

= (el + 1)=lim, _, [ &(x)ex+ e

hodc néu nhu céc thé hién £(x) duoc cho duéi dang gian doan thi:
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T/4 T/2 T

Hinh 8.2

Dic tinh ¢6 chu ky 4n ciia ham ty twong quan.

M(E) =1 - &(kax)

B(e)= ! 3 ) -t + m) 26 (8.57)

n—-—m

Trong d6 Ax khodng cach gifra cac diém cach déu nhau, x; 1a diém tai do cho trudc gié tri
cua ham, n 1a tong s6 di€ém, m = + kAx chinh 1a dich chuyén t.

Ham tuong quan déi xtmg d6i voi 1=0, tic 12 ham sé chin. Néu xo 12 hoanh d6 cua diém
ma tai d6 b(t) bang khong thi ham nay ¢ chu ky an 1a T= 4x,. Néu truong tir ¢ cau tric bat
ddng hudng thi cac gia tri ciia cic moémen tuong quan dugc xic dinh bang cac biéu thirc
(8.57) s€ khac nhau tuy thudc vao phuong dugc lya chon cua x.

Khit=0:

B(0)=Mlg>(x)|=2(x)=lim, _, % [ & (x)x (8.58)
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BH{T} &
1.0
0.6
0.2 -
05\l \—‘//.2 — A

Hinh 8.3

Ham ty tuong quan chuén hoa dbi voi truong tir ciia qué cau: a = 12/2; z 1 d6 sau dén tam hinh

cau.
trong d6 B(0) chinh la gid tri trung binh binh phuong bién d¢ cua truong tir. Ham ty tuong
quan duogc chuan hdéa By(t) hodc hé s tuong quan R dugc xac dinh nhu 1a ty so:

R :BH(r)ziT) (8.59)

B(0)

Phuong sai ciia qué trinh ngau nhién dugc x4c dinh qua cdc momen hang mot va hang hai
cling nhu phuong sai cua cac dai luong ngau nhién:

D(e)=M(*)-M*(g)=&(x)- [e(x)] =B(0)-&2  (8.60)

va doi voi qua trinh ngau nhién tri s6 cua phuong sai phai la dai luong khong doi.

Theo ¥ nghia vat Iy B(0) la cong suét toan phan cta qua trinh, con & va D(&) 1a cong
sut cua cac thanh phan khong ddi va bién doi. Ham tu twong quan dic trung cho tinh chat
ché vé sy lién hé thong ké gitra cac gia tri ctia truong dia vat 1y theo phuong x. Céc kich thude
cua cac di thuong riéng biét cang 16n thi ham tu twong quan giam cang nhanh. Khodng cach
ma tir d6 sy lién hé thong ké co thé dugc xem nhu khong dang ké duoc goi 1a ban kinh tu
tuong quan:

.E; B(r )dr

0="50)

(8.61)

Trong thuc t& ngudi ta 14y khoang cach t ma tai d6 By(t)= 0.3 1am ban kinh tu twong
quan. Trong truong hop néu By(t) thay d6i du, khoang cach nay dugce tinh theo truc hoanh
dich xudng dudi dén d6 sau cuc tiéu ciia By(t). Khi khong c¢6 su lién hé théng ké gitra cac gia
tri cua truong di thuong ban kinh tu twong quan bang khong. Trong nhiéu truong hop co thé
gia thiét c6 sy vang mat Ve mdi lién hé twong quan gifra cac sai sO cua cac phép do dia vat ly
(ban kinh tu trong quan nam trong gia tri tir Ax dén 2Ax).
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V6i cac ham ty trong quan ta co thé ap dung phép bién d01 Fua rié va theo dinh ly Viner
va Khinchin ta c6 thé thu dugc pho théng ké ctia qué trinh ngiu nhién

[S—

L Glopar

—j B cos otdt
T

[\)l\)

(8.62)

Nhu ¢4 nhan xét & trén, vi ham B(t) chin nén biéu thic (8.62) tré thanh bién ddi cosin
Fourier:

B(r)

J:O G(o)cos otdw

G(‘L‘)= I: B(r)cos otdt (8.63)

Phé cua ham ngiu nhién dimg chi rd su phin bd cua phuong sai theo cac tan s khac
nhau. Tung d6 G(w) twong tng voi tan s6 o 1a mat do trung binh ctia phuong sai trong
khoang Aw. Thay cho mat d§ phd G(w) ta c6 the dung mat do pho da dugc chuan hoa

(8.64)

Trong d6 Dy 1a phuong sai ctia ham ngiu nhién &(x)

Toan b dién tich bi gi6i han boi dudng cong mat d phd chuan hoa véi truc bang don vi

Nho cac bién doi Henkel (8.18) va (8.19), sir dung bién doi Viner- Khinchin ta ¢6 thé thu
dugc cac bicéu thuc cia ham ty twong quan va phd thong ké cua truong di thuong tr phu
thudc vao hai toa do:

B(r)= | G(p),(prpdp

Glp)=[ BN, (pthde

(8.65)

Dé lam vi dy ta dua ra biéu thirc giai tich ciia ham ty tuong quan cua ham di thuong tir do
so1 day hai cuc va sgi day cuc gay ra.
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2 2
B(T)P =16h58h;317
(rz +4h2)5
4h* -37°
B(T)D :16h4(2—23
t° +4h )

Trudng hop hinh ciu, ta c6 dudng cong biéu dién trén Hinh 8.3.

Ta thay rang cac ham ty twong quan cua cac di thuong trong lyc va tir do cac vat thé cé
tiét dién ngang gidi ndi gy ra di qua gid tri khong deé roi di vao mién cac gia tri am.

Khao sat ham ty twong quan cua tich phan chap:

F(x)= j“’ h(}) f(x - 1) d (8.66)
ham nay khi dich chuyén mot doan t ¢ dang:

F(x +1)= Ji h(n)f(x + T —n)in (8.67)
Ham tu tuong quan Bg(t), 1 rang s& bang:
B; (’C) = _ro F(X)F(X + t)dx

Nho céc biéu thirc (8.66) va (8.68) , dong thoi thay doi thir ty tinh tich phén ta c6 thé thu
duoc biéu thire sau:

By(t)=[ h(x)ar[" h(n)[ [ lx=n)f(x +7- n)dx}dn (8.68)

Dé& dang khang dinh rang biéu thiic trong ddu ngodc vudng 1a ham sb tu twong quan
B(t+A-n) néu thém A vao ca hai bién s6 cua ham f.Vi vay:

B (t)= [ h(1)ar|” h(n)B,(z+2~n)n.
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Néu dat v=n-A va mot 1an nira thay doi thir tu tinh tich phan ta thu dugc:

J. B, (t - V)U 7L+V)d7\,j|

Néu ta nhan thdy riang trong diu ngodc vudng la ham tu twong quan By(v), thi ta co thé
vi€t lai biéu thirc cuoi cung cho Bg(1):

j B, (t—v)dv (8.69)

Nhu vay, dang lién hé gitra cac ham s6 F(x), f(x) va h(x) twong tu v6i dang lién hé gilra
cac ham s6 tu tuong quan. Nho c6 didu do ta c6 thé xac dinh dwoc ham ty tuong quan cua
ham di duogc bién d6i F(x) cua truong dia vat ly qua ham ty tuong quan cta ham xuat phat
f(x) va nhan bién d6i h(x) ma khong can ding dén céc gia tri cia truong da dugc bién doi.

Tuong (mg v6i cong thire (8.63) phd thong ké cia ham Bg(t) ¢ dang:
1 * -0t
——J B, (t)e ™ dt (8.70)
TC 9—®

Koo . J4 ) < R , o A N A n 4 -io(A-n) Jio(A-
Déi véi Be(t) néu sir dung biéu thirc thu duge & trén va nhan thém né cho e *?Me

", bang don vi, va gdp cac sd hang lai ta co:

GF ((,0) = %Jm;h(n)e_iwndnj‘m;h(Kkiwxd}\'J.m;Bp (T 40— n)e_im(ﬁk*n)dt

Tich phan dau tién trong biéu thirc nay chinh 1 phd thong ké Gy(®), con tich phan tha hai

1a pho thong ké lién hop véi nd G, (®), con tich phan thi ba 1a phd nang lugng ciia truong
xudt phat f(x). Do d6, cac phd ctia cac ham ty twong quan lién hé v6i nhau qua biéu thirc:

GFn(co):%G ()G, (@)G :—|H )G, () (8.71)

Béy gid ta chuyén sang khao st cac phép bién doi truong cu thé.
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8.2 Phép loc

Sy bién 601 nay dua trén viéc xdy dung va su dung cac phép loc bang s6 (ham trong sd)
v6i dic trung tan so cho trudc. Trong trLrorng hop truong ba chiéu cho truorc trén mot mat
phang khi ma tan sé o duoc thay bang tan sd p ta c¢6 thé thu duoc ham trong sé h(r) qua phép
bién d6i Hankel

h(r)= [ "H(p)J, (pr)pdp

Dic trung tan s6 cua phép loc 1y tuong 1a ham don vi:

H(p) = lkhilpl<

= Okhi [pl> p.

trong d6 p. 13 tan sd bién (tan s cat).

Ham trong s cua phép loc nay 1a:

h(r) = j:J o (pr)pdp = %n(rpr)

Nhu da thdy tir 1y thuyét, phép loc 1y tuong khong co ung dung trong thyc té, vi vay
ngudi ta dé nghi xay dung phép loc h(r) dudi dang tich cua hai thira s6 nhan.

h(r) = o(r) g(r)
v6i dic trung phd H(p) duoc vé& trén Hinh 8.4.

Khac v6i phép loc 1y tuong, phép loc ndy ¢ dic trung tan sb thay doi tir 1 dén 0 khong
phai lap tirc ma trén mot khoang Ap niao d6. Poan nay 1a mot trong cac tham sb can phai duge
lya chon trong phép loc.

. Thua s6 nhan g(r) c6 phd ciia phép loc Iy tudng véi tan sb gidi han a = p, +Ap/2 va vi vy
bang:

)=aJ1_(ar)

g(r 2mr
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Hinh 8.4
Dic trung phd cia phép loc tin s thip Leivin-Divein

Nguoi ta ding ham Bessel hang khong dé 1am dic trung tin sb cho thira s6 nhan o(r)
o .
W(p)= BJO[—pJ khi [p| < Ap/2;
Ap
trong d6 o va B 1a cac hang s6 ma ta cn phai xac dinh. Ham J, bang khong dau tién khi ma
bién sb cua n6 bang 2,4048, twong tmg vai cac diéu kién néu ra khi bién sb d6 bang Ap/2. T

d6 hang o =4,8096. Hang B duoc chon sao cho dién tich A giéi han boi W(p) va trong pham

vi vong tron ban kinh Ap/2 trong mit phang tan sd (u,v) bang 1 :

2 (P ap nB’Ap” . (ap
A=[ joz BJO[A—pjpdpdG:TJl s

0 01 B27fkm ©

Hinh 8.5

Ham trong sb Leivin -Devein

a- Trén mit phing b- Doc theo tuyén xuyén tim. c. Cac ham Besel hang khong va hang mot
trong d6 0 xac dinh vi tri cta p.

Chu y rang ap/Ap =a/2, ta co:
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o *
(04
TAp*l, [2]

Dit gid tri cua B vao trong biéu thirc cia W(p) va néu dung bién d6i Hingken nguoc dé
chuyén tir pho sang ham trong s6 o(r) ta co :

mwm
IR

Theo céc gia tri ctia g(r) va o(r) ta thu dugc ham trong s ctia phép loc Leivin- Divein
dudi dang sau:

B=

h(r)= al, (ar) JO(AZP TJ
p

2nr (A jz
1-| —r
o

(8.72)

8.3 Phép trung binh hoa

Véi quan diém toan hoc mét tin hiéu chuyén qua mot bd loc duoc biéu dién bang tich
phan chéap:

F(t)= [~ h(o)f(t -k (8.73)

trong do f(t) hoac f (t - r) 1a céc tin hiéu xuét phat can duoc loc, F(t) 1a tin hi¢u trén 16i ra cua
b loc, con h(t) hodc h(t-t) dugc goi 1a ham trong sé cta phép loc. Trong mién tin sd chung
tuong ing voi cac ham phd ma ta da quen biét Sp(w), S{®) va H(w). Su lién hé giita cac ham
phd nay duoc xac dinh boi dinh 1y Barel. Cho vao cong thic (8.73) cac ham u(x) va h(x) ta c¢6

U(x)=|" u(x)n(x - &)de (8.74)

Loai loc nay thuong gip trong viée tiép tuc giai tich truong thé 1én nira khong gian trén
theo cong thirc Poisson:

U(X,Z)zlfw u(XO’ZOXZ_ZO) d
T

(x-x,) +(z-2,) '

trong d6 ham trong s6 h(x) ¢ dang:
z-2z,

h(x)= PR " (8.75).
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Khi tinh dao ham thiang dimng ta dung nhan bién déi dang:

h(x)=—

(x-¢)

Thudc dang bién ddi nay con phai ké dén phép trung binh hoa, phép bién do6i nay trong
truong hop truong hop bai toan hai chiéu c6 dang:

U= [ ulx e

Néu 14y ham nhén bién d6i 12 ham bang khéng tai mién ngoai ctia khoang [-1, 1] va bang
don vi trong khoang d6 thi:

UG) = [ Bl - £ 8.76)

Nguoi ta thuong tién hanh phan chia truong dia tir ra thanh cac thanh phan luc dia, khu
vuc va dia phuong theo cac ddc trung song cua chiing. Mdi mot thanh phan d6 dugc dic trung
boi cac gia tri ban kinh ty twong quan lién hé véi phd cia truong di thuong cua timg loai
truong. Trong tham do tir, trudng dia tir c6 thé dugc biéu dién dudi dang tong cua ba thanh
phén: khu vuc, dia phuong va nhiéu:

u(x) =, (x)+uy (x)+u, (x)

Ham tu tuong quan cua cac nhiéu By (1) ¢6 ban kinh ty tuong quan be va theo quan diém
ctia 1y thuyét thong tin 1a cac xung . Phd ctia ching do d6 ¢6 d6 rong 16n giau tan s6 cao.

Pho cua di thuong khu vuc ¢6 do rong bé nhét.

Khi bién ddi trudng xuét phat s& xay ra viéc thay ddi thanh phan cta phd do lam giam
thanh phan nay hay thanh phan khac. Néu goi S(®) 1a phd cia trudng da duge bién doi con
Siv(®), Sa(®) va Sp(w) twong tmg 13 phd cia cac thanh phan khu vuc ,dia phuong va nhiéu
clia trudng xuét phat, H(w) 1a dic trung pho ctia nhan bién ddi (loc) thi ta c6 thé viét:

S(®) = Sk(®)H(®) + Sed®)H(®) + Sy(®) H(w)

Tuong Gng v6i biéu thire (8.41) ham trong s6 cua phép loc 1a xung vudng goc cd do rong
21. Tinh phd H(w) va 1éy phan thuc ta thu dugc :

o o sin ol
)=— j 3(g)e*dg = —j dg==—

tai gbc toa d6 (o =0) ham H(w) =1. Gia tri khong ctua H(w) duoc xac dinh tir diéu kién ol
=km.

Trong truong hop bai toan ba chiéu khi phép trung binh hoa dugc tién hanh theo dién tich

hinh tron ban kinh ry:
1 khi r<r
3(r)= o
0 khi rzr,

Néu str dung bién d6i Henkel ta co:
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Hp) = [ 8, prkir =2 13, (prie

Tir d6 sau khi tinh tich phan:
2J,(pr)
H(p)=="""—
Py
trong do J(prp) 1a ham Bessel hang mét. Gidi han cua H(p) khi 1o ->0 cling nhu gidi han cua
H(o) khi ® -> 0, bang don vi. Dang ctia ham s6 Jo(pr) va Ji(pr) dugc vé& trén Hinh 8.5 (c).
Ve mat toan hoc phép trung binh hoa la phep bién d6i khi ma ham trong sb c6 gia tri
khong doi voi tat cac gid tri cua n.
R rang 1a d6i voi ham trong s6 ta c6 thé viét:

dh, =1

1 N s
vih, = N (N 1a so diem trong gidi han cua palet).

Phuong phap trung binh hoa c¢6 ban chat nhu sau: Trudng di thuong quan sat dugc co thé
duoc xem nhu 14 tong ctia hai thanh phan: phan khu vuc Uy, va phan dia phuong Uy,

Truong dia vat 1y quan sat dugc (truong tur, truong trong luc) duge liy trung binh trong
pham vi vong tron ban kinh R. C6 thé bi€u dién gia tri trung binh nay dudi dang tich phan

IﬂOﬁﬁ):éjjUdS:éjjUhdS+IJU&dS
N S S

Tich phan thir hai khi R tang (S = mR?) s& tién t01 khong va nhu vay gia tri trung binh
truong tai (0,0,0) bang gia tri trung binh truong tai diem do:

U(0,0,0)=U,_(0,0,0)

Nhu vdy phép tinh trung binh nhan manh céac di thudng thay doi tir tir, gat bo hodc giam
thiéu nhi€u cac di thuong c6 gradient 16n, tirc 1a cac di thuong lién hé vdi cac doi tuwong gan
mat dat.

Cac di thuong dia phuong dugc tinh toan bang cach lay gid tri trudng quan sat dugc trir
di gia tri di thuong trung binh (gan dung bang gia tri di thuong khu vuc)

U(Xa Y) = U(X’ Y) - U(Xa Y) .

Dé ¢o duoc phd tan sb ciia trudng xuat phat, thuong nguoi ta thay cho cac pheép bién ddi
Fourier thong thudng bang cach st dung phan tich phd khong gian. Thudt toan nay duoc sur
dung rong rai trong tham do dia chan. Ban chat ciia phép bién ddi nay trong truong hop
truong tir bao gom viée loc giai trén tuyén bang mot bo cac phép loc giai hep voi dic trung
phd cua phép loc thir i 1a:

-0,

1)2

*U.(

Hi(co)=e i

trong d6 o 14 thong s6 diéu chinh, ; 13 tan s trung tdm ciia bd loc thir i
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Néu goi pho cua trudng xuét phat 1a So(w), con phd cua thanh phan loc truong 1 F(w;, x)
, pho nay s€ 1a ham cua toa do x va gia tri o; , thi ta c6 thé viét duoc:

- L[ sy (o) do

Vi So(®)Hi(w) chinh 1a dic trung phd cta F(w;, X)

8.4 Tinh chuyén truong Ién nira khong gian trén

Phép bién d6i nay c6 y nghia vat 1y rat rd rang, vi tinh truong 1én trén ¢ nghia 1a di xa
nguon gay nén di thuong . Co s¢ cua phép bien doi 1a cong thic Poisson. Cong thirc nay

=L [ do] Ulopeo

Vi khi tinh chuyén 1én mot d6 cao nao ddy, bién do cua thanh phan cb dinh khong thay
doi, tong cac gia tri cua ham trong so h, ciia phép bién doi nay phai bang don vi. That vay:

trong hé théng toa do tru c6 dang:

—pdp (8.77)
22 + pz)E

= Zn:hif(eriAx)

i=—n

tur do, khi F(x) = f(x+nAx) =const  ta suy ra:

$h 1

i=-n

Thong s6 bién doi 1a do cao tinh chuyén z va khoang cach Ax. Cac can tich phan vo cung
theo r dugc xé4c dinh trudc sao cho né 16n hon nhiéu chudi cac gia tri hy,.

Nhiéu nha nghién ctru d chimg minh ring ( Strakhop, Lapin ): Cac gia tri téi wu clar va
Ax phu thudc vao do sau H cta diém dac biét gan nhat cua ham U va do cao tinh chuyén z.
Thyec té ban kinh r phai vao ¢& 10z khi Ax= z.

Trong hé théng toa d6 vudng goc, khi truc z hudng xubng dudi, tich phan Poisson ¢
dang:

I 5 U(&,1,0)d&dn : (8.78)
[g x) +(n-y) +ZZF

Tich phan biéu thirc (8.78) theo n, ta thu dugc tich phan Poisson trong truong hop bai
toan hai chiéu:

i voi diém c6 toa do (0, -h) trén do cao h:



31

2B _UE0ME
U(x,~h)= . [ Eox) o1 (8.79)

Pé tinh tich phan (8.79) ta dua vao bién s6 méi:

&
¢ = arctg —;
g]

h 5

do= d
® E*+h’ S

lac d6 biéu thirc (8.79) c6 dang
U(0-h)=2[2 U(p.0)do (8.80)

2
tuc la gia tri U(0, -h) dugc xac dinh nhu 1a gia tri trung binh tich phan U(g, 0) theo goc nhin
duoc o.

Theo cong thirc (8.80) nguoi ta dung cac palet dé tinh U(O,—h). Tur diém (O,—h), diém
ma tai d6 can phai xac dinh gia tri can tiép tuc giai tich, ta v€ h¢ cac tia cach nhau cung méot
goc Ag va bang nt/n, trong do n 1a mot s6 nguyén du lon:

U(O,—h)zﬁzn:ﬁi 8.81)
i=1

a 1a gia tri trung binh ciia ham sb trén khoang thir i ma tir diém tinh (0,-h) ta nhin
khoang d6 dudi goc Ae. Khoang nay gidi han boi cac giao diém cia cac tia véi truc x.

Palet duoc xay dung theo cach d6 co thé dugc str dung dé tinh chuyén trudong 1én mot
muc bat ky ma khong can phai vé lai duong cong U(E, 0),Hinh 8.6.

Do cao tinh chuyén duge xdc dinh bang khoang cach tir diém (0,-h) dén truc x theo don
vi ty 1€ xich dugc dung dé do khoang cach trén tuyén. Viéc tinh todn bao gom tinh gia tri

trung binh truong trong mdi khoang va gia tri tinh chuyén 1a gi tri trung binh trong n khoang.

Mot palet duoc sir dung kha thong dung trong thuc té do Strakhdp dé ra. C6 thé viét tich
phan (8.79) dudi dang:

U-h) [ UG, 0)K (€, 0K, (5.28)
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U(0~h}

Hinh 8.6

Palet tinh chuyén truong 1én trén

4 a 1
trong do ==; ,0)=
g é;k h ((t:k ) 1+ é,;kz

Biéu dién tich phan (8.82) dudi dang tong céc tich phan co can gidi ndi, tiép dén véi mdi
mdt tich phan ngudi ta sir dung cong thirc ciu phuong Gauss dé tinh tich phan. Liic d6 cong
thtc tinh toan c6 dang

U(O’_h) = l i AK, (&hi )U(ahi ) = % ﬁ_: C (‘ghi ,0) (8.83)

Ti—n
trong do

A;la cic hé sd trong cac cong thirc cau phuong ciia Gauss

& 1a cac diém nat duge sir dung trong cac cong thirc d6

Bang 8.1 cho ta cac hé s cua palet Strakhdp dé tinh chuyén truong 1én trén.

Palet Strakhop 1a hé thong cac dudng thang di qua cac diém c6 hoanh do Gauss va co
thude do déu vai ty 1¢ xich nhan 1én bﬁng m; =1/C;. Néu thira nhan don vi do tung do cua dd

thi 1a 1mm thi trén thudc thir i don vi do la doan bﬁng m; mm.

Poc gia tri truong trén dudng cong twong Umg vai timg thirc do, l1dy tong cac gia tri nay.
Tong do chia cho = chinh 14 gi4 tri truong da chuyén 1én dg cao - h.

Trong trudng hop bai toan ba chiéu, tich phan Poisson trong hé théng toa do tru thang
dtng c6 dang:
o roUr—(p,O) dr (8.84)

3

(r +h)

U(0,0, h)

Bang 8.1 Cac hé s6 trong palet Strakhop

1 E_,hi Ci mizl/Ci ‘




0 0 1,136 0,88
1 1,088 0,424 3,36
2 1,812 0,110 9,09
3 2,364 0,189 5,29
4 4,366 0,085 13,30
5 6,058 0,065 15,40
6 8,943 0,030 33,30
8 12,50 0,032 31,40
L ] i [
a4 o -6 -2
2_] = “ » -2
r Z 2 -2 o
' 2 2 L 2 o1
2] £ « = k2
o ) ! ] g
Hinh 8.7

Palet Strakh6p dé tinh chuyén truong 1én trén

33
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Cach su dung palet nay nhu sau: V& duong cong do dugc theo ty 1€ xich ngang tuong img
(h=lcm). Trén moi mot thude, doc gia tri truong trén dudng cong, liy tong cac gia tri nay.
Tong d6 chia cho 7 chinh 14 gia tri truong da chuyén 1én d6 cao h.

Trong trudng hop bai toan ba chiéu, tich phan Poisson trong hé théng toa do tru thing
dtng c6 dang:

U(0,0,~h)=—-[" j ulr.. )3 (8.84)
r +h? )2

Phén chia tich phan ndy ra thanh tong cac tich phan trong cac mién nho va bo qua sb hang
du ta c6 thé tinh tich phan (8.84) dudi dang sau :

m _ Qs Tict1 hrdr
U(0,0,~h) = — Uik _ 8.85
( ) 2TC — kZ: (_! (rZ +h2)3/2 ( )

trong do ﬁik la gid tri trung binh U(r, ¢, 0) trong gidi han ctua dién tich tinh tich phan.
Phuong phap tinh tich phan (8.85) phu thudc vao phuong phap chon can tich phan. Cé thé co
hai phuong phap chinh nhu sau:

- Cac mién tinh tich phan duoc chon sao cho gia tri ctia mdi s6 hang trong tong nhu nhau.
Trong truong hop do

U(0,0,_h) = L ﬁik ((piJrl - (Pi h - h Vé. Iléu dat
2135 i \/rk2 +h’ \/rk+12 +h’
27
Oy = =—
n
h 3 h _ 1
\/ 2 2 2 2 m
r, +h \/rk+1 +h
27
Oy =0 =—
thi ta co:

- Cho céc can tich phan tuan theo mét quy luat cho trudc, trong truong hop doé ta dua
vao gid tri trung binh trén vong tron:

1 2n
w = Z IO U(I‘, (P,O)d(p

Nhu véy c6 thé biéu dién tich phan Poisson du6i dang sau:

. hrd
U(0.0.-h)=’ W(ﬁ)
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Nhu trong truong hop trén ta lai phan chia tich phan nay ra thanh céc tich phan nhé va bd
qua phan con lai (sai s0) ta co:

1 — — 1 hrdr
U(0,0,—h) = E[U(O) + U(rl )]}[m +
1 — — F hrdr
UG+ U(r)] j I (8.86)
1 — — i hrdr
E[U(rz) + U(r, )]J;m
Sau khi tinh tich phan ta c6:
U(0) h
U(0,0,~h) = [1- I+
1/r12 +h?
SOy h b (8.87)
2 \/r12+h2 \/1*22+h2
Ul), _h h

2 \/rz2 +h’ ) \/rf +h’

Hinh 8.8

Céc palet Chepkin (a), Maldvisco (b), VEx€lop (c) dé tinh chuyén truong 1én cao trong truong hop bai toan
ba chieu
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hoac:

U(0,0,-h)=K,U(0)+K,U(r,)+...+ K, U(r,) = iKﬂr_) (8.88)
i=1

trong do :

K. :l h - h (8.89)
2 \/ril +h? \/ril+h2

Bang 8.2 Bang hé s6 cua palet Malovisco

I; K r; K

0 0,1464 3 0,1024
1 0,2864 : 0,0600
2 0,1954 0,0390

Néu cho trude cac ban kinh khac nhau, theo biéu thirc (8.89) ta co thé tinh dugc cac hé sb
Ki. Trong palet cia Maloviskd nguoi ta thira nhan r=r; - r; = 13- ;= ... =h . H¢ s0 cua palet
cho ¢ bang 8.2, con cong thire tinh toan c6 dang

U(0.0,-h)=U(r, )+ YK, [0 ) - U(s, )] (8.90)

8.5 Trend

Tinh to4n trend (thanh phan truong khu vuc) dua trén cac phuong phéap tiém can ma
ngudi ta di khao sat nhiéu trong céc tai liéu tham khao dic biét. Song c6 su khac nhau giira
trend va tiém can. Tiém can la nham thu dugc su tuong ting tdt nhat gitra cac ham cin nghién
ctru va ham tiém can con trend thi lai ¢6 khuynh huéng biéu dién bang giai tich thanh phan co
béan cua truong.

Ta hay khao sat ngan gon cac phuong phap tiém can nhim giai quyét cac bai toan phin
chia céc truong dia vat ly.

Pé biéu dién trén doan [a,b] ham s6 f(x) bang mot hé thong cac ham don gian hon @o(x),
01(X), P2(X)..., Pn(x} nguoi ta ding biéu thirc:
Fn(x) = app; +a1¢; +... + an(x) = f(x) (8.91)

Céc hé sb ay trong biéu thirc nay can duoc chon sao cho do 1éch Q gitra ham cho trudc va
bi€u dién Fn(x) bé nhat, tuc la:

Q= [Fy(x —F(x)) dx (8.92)

a
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o bé lam thoa man diéu kién d6 ta phai cho cac dao ham Q/da; bang khong. Piéu d6
dan dén h¢ thong cac phuong trinh sau :

1 [ (F-t)p,dx =0

20a,

10Q b

——=| (F-f)p,dx=0
2 0, L( )(Pl X

1 0Q b
———=| (F-f)p,,dx=0
2 0a, J-a( )(PN X

Dé don gian ta khong viét cac bién sd trong cac ham. Néu nhu trong cac phuong trinh
nay thay gia tri cia F bang bi€u thurc cia n6 tir dinh nghia thi ta c6 thé thu duogc:

ao(PoPo) FTai(@o@1) +... Tan(Popn) = (of)
ao(Po1) +ai(@i191) + .. tan(@ion) = (@if)

ao(@oPN)Ta(@1on )+... +an(enen ) = (onf) (8.93)
trong do

b
(©n0,)=[ 0n(x), (x)dx
b
(0,1)= " 0 (K(<ix
m=0,1,2...N :n=0,1,2,...N
Sai s6 trung binh binh phuong ciia phép biéu dién nay c6 dang.
c= Q(b — a)

Hé thong phuong trinh (8.93) s& don gian di nhiéu néu ta ding cac hé thong cac ham tryuc
giao lam hé thong cac ham ¢. Cac ham truc giao c6 tinh chat sau :

(©00,)= [ 0 (x)p, (x)dx =0 khi m#n.,
(0,0,)=[ 0,7 (x)dx khi m=n

Trong trudng hop d6, néu goi (@u@,) bang c, ta ¢ thé viét biéu thirc tong quét cho bat ky
hé so a, nao:

a, = (“;“f) =CiI £(x ), (xJx (8.94)

Khi f(x) cho trudc dudi dang gian doan va néu ding cac ham luy thira 1am cac ham ¢ ta
co:
Fa(X) = a9 +a;x +asx” +...+ apx" =~ f(x) (8.95)
con hé thdng phuong trinh chuan hoa duéi ky hiéu Gauss c6 dang
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Nag +a;> x +a,>. x> +..a,2. x" = >f
ao2x +a;2x> +... a, > x"! = >xf

aox X" +a XX+ a2y x " = ¥x"f (8.96)

Trong phuong phap trend dé tach cac thanh phan c6 lién quan dén ham luy thira bac thap
thi s6 phuong trinh thuong khéng 16n va viée giai phuong trinh chinh tac ciing don gian. Vi
du néu trén mit phang can phai tach phong tuyén tinh:
Fn(x,y) = ap +a;x +axy (8.98)
con trong truong hop tach phong bac hai ta co
FN(X,y) = aoo+a1ox+a01y+a20x2+a02y2+a22xy (898)

Thong thuong cac phuong trinh chinh tic duge giai trén cac may tinh dién ti.

Nhemx6p[1967] da Sié nghi dung da thirc ndi suy Lagrange. Nho ¢6 cac da thue nay ma
ham so U c6 theé dugc biéu dién dudi dang:

U(x) = Lo(x)Up +L1(x)U; + La(x)U; +...4+ Ly(x)U, (8.99)

Trong biéu thirc nay Uy 1a cac gia tri trudng tai cac diém "khong nhiéu loan" ; k =0, 1, 2,

., n ( Hinh 8.9). Tai diém xy, tt ca cac da thirc d6 déu bfmg khong, trir gia tri Li(x). Gié tri

ctia ham nay trong trudng hop d6 bang don vi va vi vay ta ¢6 U(xy) =Uy . CAu tao cua cac da
thirc nay c6 dang:

Hinh 8.9

Tiém cén trudng bang da thirc Lagrange

L= (x = x Jx =%, (x = x; ) (x —x,)
( 0o —X XX 2)(Xo —X3)...(X0 _Xn)
Ll _ (X—XO)(X—XZ).(X—X3)...(X—Xn)

(Xl _XOXXI _XZ)(XI _X3)---(X1 _Xn)

L = (x—xo)(x—xl).(x—xz)...(x—xn_l)
’ (Xn _XIXXH_XZ)(Xn_X3)"'(Xn _Xn—l)
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Tt s6 trong mdi mot da thirc dugc tao thanh tir cac thira sb6 nhan tuyén tinh x - xy trir diém
ma tai do x =xy, trong do k 1a s6 hi€u cua da thue, con mau so chinh 1a gia tri cua da thirc do
khi x= xx. Vi nhu khi ndi suy tuyén tinh (bac ndi suy cua da thirc bang 1) ta co:

Lo(x): TR -

Xo — X
LI(X): — =X
X=Xy
Chinh ban than ham ndi suy bang:
U(x) = (1- x)Up +xU; (8.100)

Noi suy bac ba khi budc Ax déu va khi sir dung 4 diém duogc thuc hién theo cong thirc
U= _%X(x )x-2)U, + %(x A1) x—1)x - 2)U, +
_%(x Fx(x-2)U, + %(x Fx(x—1)U,

Nho c6 da thirc Lagrange ma ta co thé thyc hién dugc phép ndi suy khi co cic bude Ax
khong deu.

8.6 Tach cac di thuwong dia phuwong

Véi quan diém loc, viéc tach cac di thudng dia phuong twong dwong véi phép cit cac tan
s0 thap. Ta cd thé suy ra rang thanh phan tan so cao cua pho truong dugc bién doi c6 dang:

S(w) =So(w) H(w)
phai bang khong khi o = 0. Tir phép bién d6i Fourier:

S(w)= EO F(x )e " dx

trong d6 F(x) 1a ham s trudng dd duoc bién dbi. Vi S(m) = 0 khi @ = 0 ta co thé suy ra rang:

[ Fx)dx=0

Tich phan ndy biéu thj dién tich gi¢i han gitta ham da dugc bién doi voi truc x. Dién tich
nay chi c6 thé bang khong dugc khi khi F(x) ¢6 chira cac gia tri am. Su dung tich phan chap
khi cho trude truong dudi dang gian doan ta cé theé viet:

F(x) = z h f(x +iAx)

R4 rang rang khi ham xuét phat f(x) khong c6 cac gia tri 4m thi cac gia tri cua h, phai lan
lugt thay doi dau.
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Khi bién d6i dja phuong trén co so phép tinh vi phan thi diéu kién sau day phai duoc thoa
man:

$h—0

vi khi f(x)=const tit ca cac dao ham phai bang khong.

8.6.1 Viphan bang sb

Phuong phép vi phan bang sé dua trén viée st dung cac da thirc ndi suy. Ham can tinh vi
phan (ham xuat phat) cho trudc tai cac di€ém niut dugc bicu dien dudi dang cac da thure ndi
suy.

Vi du trong truong hop bai toan hai chiéu néu ding da thirc ndi suy Stirling thi dao ham
dU/ox tai diém xo c6 dang:

au 1 (Ay_l +A, _1A3y_2 +A3y—l L1 1 A

A 2
2y (8.101)
ox ho 2 6 2 30 2

trong d6 A" 1a hiéu s6 gidi ndi hang n.
Quy luat biéu dién cac h¢ so gidi ndi nhu sau:

xo2Uo
AU, =U,-U,
x1U;  AU,=AU, -AU,
AU, =Up-U, ; A’U,=AU,-AU,
xo Uy AU,=AU-AU, ; A*U=AU-AU,
AU, =U,-U, ; AU =AU, -A’U,,
xi Uy AUy =AU;- AU,
AU, =U, -U,
x2 Up
Vi€ce ap dung cong thirc (8.101) doi hoi phai giam c6 quy luat s6 cac sb gia gidi ndi va

tang bac cua chung. Dé co thé ap dung cong thirc trén vao cac may tinh dién tir can phai bién
dbi dé thay cac sb gia gidi ndi qua cac gia tri ham Uj. Vi du khi str dung hai diém:

U'(X)zi(Ul -U,) (1.102)

con khi st dung bon diém thi:

(8.103)

lac 6 diém duoc st dung thi
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(8.104)

Theo cac thanh phan dao ham nam ngang Uy va Uy tinh dugc theo cac cong thirc trén ta
c6 thé dé dang tinh gradient nam ngang G ctia ham.

G| =,/U; + U2

Néu vi phéan cong thic Stirling hai lan va thay cac sb gia gidi ndi bang cac biéu thirc ctia
chung ta tinh dugc cac dao ham bac hai.

V61 3 diém ta co:

1
U”(XO):F(Ul -2U,+U,) (8.105)
v6i 5 diém:
N 1[8 15 1
U (XO):h_z[g(U‘JFU)_EU _E(U +U_ )} (8.106)
v6i 7 diém
5 18U +U,) 49 3 1
§ (X)=h—2{(lTl)—§Uo (U204 (U, +U3)} (8.107)

Bac cua dao ham cang tang thi sai s tinh toan cang 16n vi do sai s6 trong khi x4c dinh Us.
Vi vay trong thyc té nguoi ta it khi tinh dao ham cao hon béc hai. Hién nay v6i viée ap dung

cac tir ké luong tir, cac sai sb do dac giam di dang ké nén ta hdy ding lai dé khao sat cac
2

phuong phap tinh dao ham thang dimg aa [2J
z

. Phuong trinh Laplace 1a co s& cho phép tinh

toan co6 dang:

822 - 6X2 + ayz

Cong thirc nay cho phép tinh cac dao ham bac hai thing ding qua viéc tinh toan cac dao
ham béc hai nam ngang. Mt s6 cong thirc tinh toan thu dugc nhu sau:

o’U _[aZU 62U]

2
U'x hz (U le)
" 2
U= (U Uly)

Tu do
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o°’U 4 -
— =—h—2(UO i) (8.108)

trong do:

U_h la gid tri trung binh cta truong trén vong tron ban kinh h. Khi str dung mang ludi 6

vuong trong quan sat voi canh hinh vudng 2h thi ban kinh vong tron sé 1a hv/2 . Lac do cac

cong thuc trén s€ c6 dang:
o°’U 2 —
e U,-T ] (8.109)

Tuong tu, cac cong thirc sau duge ap dung cho céc quan sat trén cac vong tron khac nhau:

- Theo hai vong tron:

o’u 2

e [-15U, +16U0, -T,, (8.110)
- Theo ba vong tron:
2
2 — — _
aﬁzg = 18h2 [_ 45U0 + 54Uh _5’4U2h - O’4U3h (8‘1 1 1)

Dé gat bo bot cac sai s6 do viée tinh gia tri Up, trong nhiéu truong hop thuc té thay cho
gia tri Uy nguoi ta lay gia tri trung binh trén mgt vong tron nao do. Liac d6 cong thic tinh dao
ham hang hai c6 dang:

- (0, -U:)

Biéu thirc cua f(r) can phai dugc chon sao cho khir >0 thi U.—>0, thir nguyén ciia n6
tuong tng v4i thir nguyén binh phuong khoang cach. Vi vy ta co thé co cong thirc:
’U_ 4
oz’ R® -t

(T, - Ux) (8.112)

Mot trong nhitng dang dac biét cta phép tinh dao ham 1a cong thie Sacxov- Nigarrd.
Cong thue nay thuong dugc dung trong phuong phap tham do trong luc:

F(U):Rl_r(ﬁr -T,) (8.113)

Ham F(U) khong c6 thir nguyén 1a dao ham béc hai nhung n6 chi khac véi (8.112) mét
thtra s6 nhan ma thoi.
Phép bién thién ciing dugc sir dung dé tach truong dia phuong:
SU=U,-U,

8.6.2 Tinh dao ham thing ding
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Tinh gradient thang dimg ciia Z, (AT), dua trén viéc sir dung tich phan Poisson. Theo
cong thue tinh chuyén truong 1én nura khéng gian trén

ooU Ule, p,0)zpdp Zpdp
00 z =—
J. I Zz+p )
s Zﬂd [ U(tp,p, Zpdp

0

U(0,0,~z)

z +p )
néu ta thuyc hién phép tinh tich phan theo ¢ (twong dwong véi viée tinh gia tri trung binh
truong trén vong tron) ta thu duoc:
U(0,-2)= I:U(L)Zpip (8.114)
(22 +p’ )5
trong do:

— 1 2n
U=—/| Uda
27w Y0

Tir d6 ta c6 cong thirc tinh dao ham thang dimg nhu sau:

0U(0.~z) _ au(0.,z) _ [ (T(p.0)- U(0,0))zpdp
0z 0z 0 (x2 +p? )%
Khi cho z ->0 ta co:

au(0,0 dp
~ j [U(0,0)- ] (8.115)

Pé tinh tich phan ndy ngudi ta chia mién 1ay tich phan ra thanh ba mién [0, Re], [Ro, R],
[R, ] va biéu dién cac tich phan do lan luot qua Ji, Ja, J3. Chon Ry du nhd dé J, gén béng
khoéng va R sao cho J; ciing c6 thé bo qua duoc, lic d6 ta chi 6 J, ma théi. V6i khoang tinh
tich phan [Ro, R] ta chia ra thanh n khoang nhé [py, pu+1] va trong moi mot khoang d6 str dung
1y thuyét trung binh ta co:
[} [000)-Up0] % = [U(0.0)- Ulpo] PP -

n

vOi:
pn = \V pnpn+1
Tur d6 gia tri cua tich phan J, s€ 1a:

n = A . n =
1, =Y 8U(p, ) =2 = 38U (p, K, (8.116)
i=0 i=0

i
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Trong trudng hop bai toan hai chiéu ta co thé viét:

au(o)

- j[UOU’)“:—Z&J (8.117)
y4

Theo cac cong thire tuong g, tinh trudce cac héi s6 K rdi sau do theo (8.116) va (8.117)
ta tinh dugc cac dao ham cua céac thanh phan truong theo phuong thang ding.

8.7 Tiép tuc giai tich trwong xudng nira khong gian dudi

Trong truong hop tong quat, trudng tai muc thip h so véi mirc khong (h bé hon d6 siu
dén diém dac biét gan nhat), lién hé vdi truong xuat phat tai mirc khong bang cong thirc
Poisson, trong truong hop hai chiéu:

hdég
U(x,0 h)———— 8.118
(X ) TE‘[ (g )( —E_’)Z+h2 ( )
Tich phan nay thuoc phuong trinh Fredhom hang mot voi nhan:
1
Ky(8)=t

n(x-¢g) +

Nguoi ta dung phuong phap phd dé giai phuwong trinh nay. Nhu trén, theo 1y thuyét cta
tich phan chép ta co:

So(®) =Sp(®)H(w®)
Duing bién d6i Fourier dang cosin ta c6 thé viét So(w) dudi dang:
S, (0)= J._w U(x,0)cos oxdx
Tinh dén biéu thic cua H(o) ta c6 thé viét:

S, ()= Jm U(x,0)el"dx

Chuyén tir phd sang ham ta co:
U(g,h) :—J C‘)‘hd(x)j U(x,0)cos mdx
Dé thuc hién viéc tinh toan ta chia mién tinh tich phan theo o ra thanh hai phﬁn:

U(0,h)= ij “hdmj (x,0)cos odx +— j ‘”hdcoj (x,0)cos odx

Khi a du 16n bo qua tich phan thir hai ta co:

U(0,h :)%J': U(X’()){h(eah cosax — 1) N x(eah sin ax)}dx

x? +h? x? +h?
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Dung c6ng thire tinh tich phéan hinh thang véi cac diéu kién Ax=h, x=nAx ( trong trudng
hop nay a 14 tan s6 giéi han ), ta thu dugc cong thirc tinh toan cudi ciing nhu sau (Cong thirc
Reinboi)

S (1) (e - )M (8.119)

1
o= l+n?

Viéc tinh toan theo cong thirc nay khi h 16n gip phai sai s6 dang ké. Nhin chung viéc giai
phuong trinh tich phan trén thude vi¢c giai cac bai toan dat ra khong chinh. Bai toadn dugc dat
ra khong chinh 13 bai todn ma sai sb gap phai khi cho trudc cac gia tri U(x,0) s& anh hudng rat
16n dén két qua ctia nghiém thu dugc.

Diéu d6 c6 nghia 1a khi cho trudc gia tri gan dung U(x) = Us(x) thi s& ton tai khong phai
mot ham ma 1a tap hop cac ham \7(F,) =U(E&,h) thoa man phuong trinh tich phan trén véi do
léch trung binh binh phuong &°:

]Z[A(X,\N/) ~U,(x)]Pdx <8 (8.120)

trong do:

A biéu dién toan tir thyc hién viéc giai phuong trinh tich phan (8.118).

Hon nita trong sd cac nghiém \7(&) c6 thé co nhitng nghiém khac rat it so véi V(&)
tuong Umg voi gia tri cho trude ﬁ(X,O). Dé giai 16p cac bai toan nay Chikhondp da dé ra
phuong phéap diéu chinh dua trén viéc lam cyc tiéu phiém ham sau ddy bang thong sb. Vi du
v6i phuong trinh (8.118) ta chon phiém ham

j { éj de (8.121)

Nhu vy tir cac nghiém gan ding Vs(x) ta can phai chon nghiém sao cho n6 khong nhiing
phai 1am cuc tidu do 1éch trung binh binh phuong di véi truong cho truée U 5(x) theo diéu
kién (8.120) ma con phai 1am cho phiém ham (8.121) cuc tiéu.

Thuét ton diéu chinh ddm bao nghiém thu dugc gan véi nghiém chinh xéc khi § ->0. Két
hop dong thoi hai diéu kién (8.120) va (8.121) ta thu dugc phiém ham:

Ma[v]=jLLU'1KZ(x,<:)da—ﬁ (x )} dx+of ( aj de (8.122)

Bang cac phuong phép tinh bién thién va dua trén phuong trinh Euler ta c6 thé tim duogc
nghiém twong tmg véi viée 1am cyc tiéu (8.120) va thoa min cac diéu kién bién V' (1) =V' (-])
= 0. Nhung vi trong thuc té khé xac dinh va cho trudc & nén ngudi ta ding thuét toan diéu
chinh d4 dwoc don gidn hoa thé hién bang phuong trinh:

[[LK,(x.e)v(eMe —dV" (x)=TU,(x) (8.123)
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vé6i cac diéu kién bién nhu sau: V'(-L) =V'(L)=0

Nho ¢6 thuét toan nay ta co thé tinh chuyén truong dén mic z bang cach thay doi o va
1an Iuot tinh nhimg nhom ham \N/a (x) va chon o sao cho diéu kién sau duoc thoa man:

Bing phuong phap phén tich thanh phé Fourier cho cac ham K, va Us(x) ta c¢6 thé tinh
duoc ham bién doi nhu sau:

V(z) = iﬁne% cos(?).yn (o)) (8.124)

trong d6 U, 1a cac hé s6 trong khai trién Fourier ctia truong xuét phat Us(x) trén mat dat z=0,
con yy(a) 12 h¢ s6 chuan hoa

1

2
1+a(mj el
L

_Phuong phap khai trién Fourier cling c6 t’hé‘ ap dung cho ca truong hop bai toan ba
chiéu.Trong truong hop do (8.124) dugc thay thé bang:

V(x,y,z)= iif/kl (z)cos 2730( cosn—ly (8.126)

Vo (o) = (8.125)

trong do:

I j n F, cos—é’;cos—nd&dn (8.127)

) ) 2 1)V
mk il mz [fj *[5)
o)=<1+a||—| +|=| |e
Ykl( ) K L j (Dj }
D6 nhin cia phép bién doi gan dung duoc tinh bang cong thirc sau:

(%) (5 o
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Nho ¢6 cac thudt toan nay phép tiép tuc giai tich xudng dudi co thé thuc hién duoc dén
bat ky mirc z < H.

8.8 Tinh chuyén lan nhau giira cic thanh phan cia truong tir

Céc phép tinh chuyén nay nhiéu khi rat c6 loi cho viéc phén tich cac di thuong tir. Thong
thuong cac phep tinh chuyén nay 1a : Tinh H, tir Z,, tinh Z, tir (AT),, chuyén truong (AT), vé
cuc va vé xich dao.

8.8.1 Tinh thanh phin nim ngang H, tir thanh phan thing ding Z,

Phép bién ddi nay duogc thyuc hién trén co s& giai bai toan Noi man. Biéu thic dé tinh H
qua Z duoc thyc hién qua cong thirc:
1

H(O)z; j“;@dx (8.128)

Tich phan nay bang khong néu ta thay Z(x) bang Z(0) vi vay ta c6 thé viét lai cong thirc
trén dudi dang:

H(O)zlj.w 2x)=200) 4 (8.129)

T X

Cong thue (8.129) duogc tinh toadn dudi dang téng:
=3¢ [zx,) - z(x )] (8.130)
i=0

Gia tri cua cac hé s6 C, cho ¢ bang sau:

Xn 0,5 1,0 2,0 4,0 8,0 16,0
C, 0,52454 0,29808 0,25268 0,23542 0,22889 0,22415

8.8.2 Tinh chuyén Z, tir (AT),.

Tinh chuyen Z, tit (AT), nhiéu khi duoc tién hanh nhim so sanh cac sb liéu do dac trén mat
dat voi cac s6 liéu do tir hang khong. Vé nguyén tic phép tinh chuyén nay duogc thyc hién néu
st dung khai niém vé thé tu.
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500 - i /_4 H
?l'.‘-'-ﬂ'{'”]ﬂ] : R4 s A\
¢ - il .°/,*' .
LI L 4
» . 3 K {2
; 5,
200 7
-~ 4
- &
1 — -.' +
.......... R
f e j _— [}
a 4 Bxut

Hinh 8.10
Tinh chuyén truong (AT), thanh truong Z,
1. Buong cong quan sat Z,. 2. Puong cong Z, tinh dugc tir AT, .

3. Buong cong AT, quan sat.
P [ AT (o 1)S(ct i )didor (8.131)
2TC 0 Jo
trong do

cosacosl, sinl,

S(ot,i)=—cosI, — (1-sinI, cosa)
0 2 2 ) 0
cos” a+cos” I sin” a

Ip 1a d6 tir khuynh binh thuong.
Hinh 8.10. cho ta khai niém vé d6 chinh xé4c ctia phép tinh chuyén.

Cong thic (8.131) twong tu v6i cong thirc Malkin dya trén mdi lién hé giira thé tir va thé
trong luc.

Trong truong hop bai toan hai chiéu ta c6 thé dung cong thirc

(AT), = Z,sinly +H,coslpcosd

& 1a phuong vi ciia tuyén quan sat. Néu thay H, qua Z, trong phuong trinh d6 thi ta thu
duoc phuong trinh tich phan nhu sau:

cosl, cosSJ-oo Za(i)d

(AT), = Z,sin], + g (8.132)
T - §—X
Phuong trinh nay cé nghiém dudi dang:
Z, = ! —[ATsinl,

*sin’I, +cos> I, cos’ &
(8.133)

_ cosl, cosd TAT(&) dE]

T s &-x
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8.8.3 Tinh chuyén truong vé cuc

Trong trudng hop tong quat trudng (AT), duoc biéu dién qua thé tir dudi dang sau:

o’V
AT) =-—
( )a MO dVd}\.

trong d6 vi phan theo hudng v c6 nghia 1a vi phan theo phuong tir hoa con theo A 1a vi phan
theo truong dia tir binh thuong.

(8.134)

Vi viy, tai cuc ca hai hudng nay khi tir hoa cam tng tring véi phuong thang dimg cho
nén ta co:
Y
oz’

(AT),, =1, (8.135)
Gia s rang trong biéu thire (8.134) hudng ciia v va A trung nhau va ta tién hanh vi phan
n6 hai 1an theo z con (8.135) dugc vi phan hai 1an theo A thi lac d6 ta co
0’ 0’
—(AT), =—(AT 8.136
i (AT),, = (aT), (8.136)

Nhu vay tir phuong trinh (8.136) ta thiy rang dé c6 thé thu duogc (AT)qp ta phai 1y dao
ham hai lan truong (AT), va sau d6 tinh tich phéan hai 1an theo huéng truong binh thuong. Tai
bic ban cau tich phan phai dugc tién hanh theo hudng ngugce v6i hudng tir hoa binh thudng.
Phuong phap tinh (AT),, theo (AT), trong trudng hop bai toan ba chiéu dwoc Baranov khao
sat. Cong thuc tinh cudi cung c6 dang:

(AT),, =>>"C,.(AT),,, (8.137)

trong d6 Cyn 1a cac hé sO, con (AT)akn 12 gid tri cua (AT), tai cac nat cua mang ludi 6 vudng.

Trong truong hop nay, ta cling co thé dung phwong phép khai trién Fourier dé thyc hién
phép tinh chuyén truong vé cuc.

Trong mién tan so0, cac bién doi Fourier cua cac dai lugng chuyén truong vé cu lién hé
v6i nhau nhu sau:

S, (@)=H, ()8, () (8.138)

voi S, (co),Hap (@), S, (®) 1an luot 1a phd Fourier cia truong di dugc chuyén vé cuc, nhan
chuyén truong veé cuc va pho cua truong di thuong tir toan phan, voi
2 2
u’+v
H, (0)= (8.139)

a,u’ +a,v’ +auv+ivu’ + v’ (b1u+b2V)

trong 36 w=+u’ + v’

u=2n%,v=2n : (8.140)
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L chiéu dai cta vung nghién ctru. n +1 1a s6 diém trwn tuyén L, D chi€u rong cua vung

nghién ctru, m+1 la s6 diém trén huéng D. (k=0,1,...,n, 1=0, 1, ...,

L =nAx, D =mAy

Cac hé so0 a, b dugc xac dinh nhu sau :

trong do
m la vecto don vi cia d6 tir hoa.

f 1a vec to don vi cua truong tir toan phan khu vuc

m).

Trong truong hop bai toan hai chiéu theo hudng niy ngudi ta da stir dung moi hen hé glua
cac thanh phan thing dimg va ndm ngang trong truong hop tir hoa thing ding (Z°, va H',) va

tir hoa nghiéng (H, va Z,)

H,=- Z*acoslo + H*asinlosinfi

Z,= Z*asinlo +H*acosIcosES

Giai hé théng phuong trinh nay Siménencd da thu duge biéu thirc dé tinh Z°,:
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Hinh 8.11
Két qua tinh chuyén truong vé cuc
z, =(AT),, = [Z,sin], x

sin® I, +cos” I, cos &
(8.141)

— dg]

y cosl, cosSJ«n Z
T o x=§

Néu biéu dién Z, qua (AT), theo phuong trinh (8.133) ta thu dugc cong thirc cudi cing dé
tinh (AT),p qua (AT),

1
AT), = X
(A sin® I, +cos” I, cos &
x[(sin” I, —cos” I, cos” 8)(AT), (x)
sin 21, cosd ]9 (AT), (x)

s ¢ x-§

0

dc]

(8.142)

Tich phan trong (8.142) dugc tinh tuong tu nhu trong truong hgp tinh H qua Z trong
(8.130).

Trén Hinh 8.11 1 minh hoa mot két qua tinh chuyén truong vé cuc.
8.8.4 Phuwong phap quy truong vé xich dao

Céc di thuong tir thuong bat ddi ximg va bi 1éch di mot bén nhét 1a & nhitng ving gan
xich dao tir nhu mién nam Vi¢t nam nén thuong rat khdé minh giai. PE€ loai trtr cac anh huong
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néu trén, phuong phap chuyén trudng vé cuc ( Baranov. 1957 va 1975) va phuong phéap
chuyén truong vé xich dao (Leu, 1982) déd duoc sir dung. Trong hai phuong phap nay, phuong
phap quy truong tir vé xich dao thich hgp cho vung vi d¢ that thap.

a. Cac moi quan hé vi phan.

Néu goiUvaVv 1an luot 1a thé trong lyc va thé tir cia mot vat thé déng nhét c6 mat do 1a
p va thanh phan cua dg tir hod doc theo hudng v 1a I, theo cong thirc Poisson (1.45) ta co:

1L

=— (8.143)
4n kp ov
trong do k 1a hang s hap dan.
Néu goi AT, 1a thanh phan thir A ctia truong tir thi :
AT;, __ﬁa_v__ B, 0'U _
I, I, oA 4rkp OLOV
(8.144)

_m PU_ VAT,
4rkp OvOr I, ov I,

Day chinh la tinh hoan dao cua truong tur.
b. Cong thirc co ban cua phép bién dbi

i Néu goi AT, va AT, 1a cac thanh phan cua truong di thuong tir toan phan do cuing mot vat
thé & hai d§ sau khac nhau gay ra, tir (8.143) ta c6 thé viét :
oV ul, d°U

AT, =, ¥ =
T e, T 4k on v,

2
AT, ==, Y = _Hly 07U (8.145)
ok,  4mkp OM,0v,

v6i A 1a phuong cia truong dia tir binh thuong, v 1a phuong cia vecto tir hod; I} = 1,1, [, =1y»

O (v a4k A0 2 Y oA .
; ™ 1a vi phan tai diém nguon; Y 1a vi phan tai diém quan sat. Vivay taco:
\Y%

2 2 1 2
0 (AT) = 0 Kl o°U _
Oh,0V, Oh,0v, | 4mkp OA,0V,
5 U . (8.1406)
-1, -t =S (aT)
Ol OV, | 4mkp OL,0v, | 1, ONOv,

Pay 1a mbi quan hé giira di thuong tir toan phan do cing mot vat thé dugc tir hoa dong
nhat c6 phuong biét trude dat ¢ hai vi tri khac nhau gay ra.
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Néu AT, 1a truong di thuong tir quan sat, AT 14 trudng di thuong qui vé xich dao, gia
thiét su tir ho4 & xich dao thi song song véi truong dia tir binh thuong cé bién do tir hoa bang
bién d6 tr hoa & vung quan sat nén I,/I, trong (8.143) tré thanh don vi, ta viét lai:

AT; = AT,y (ban dd quan sat )

}\,1:}\,
Vi=V
I]ZIV

AT, = AT ( ban dd qui vé xich dao)
A2 = x ( Phuong béc tir )

Vo =X

L=1I

Vay (8.143) tr¢d thanh:

2 2
[).4 OLOV

Ciing nhu trong trudng hop chuyén trudng vé cuc, cong thire (8.144) biéu thi mdi quan
hé vi phan vé truong quy vé xich dao doi vdi trudng quan sat dugc.

c. Quan hé giira trudng tir quy vé xich dao va trudng tir quy vé cuc.

Xét céc bieu thuc quy truong ve cuc va vé xich dao:

hT, o2
AT, =Az, =t OU (8.148)
P P 4nkp Oz
2
AT, =AH, :_Hoh_TEa_[j (8.149)
4rnkp Ox

trong d6 h1a hé sb ty 1€, Tp, Tk lan luot 1a gia tri tru’(‘rr}g dia tir binh thgdng & cuc va xich dao.
Thé trong luc U thoa man phuong trinh Laplace va doi voi mot vat the hai chiéu theo phuong
dong- tay ( hay phuong y) ta co :

aZU 2 2
=0 dodo 8U:_6U (8.150)

oy> ox> 0z

Thay (8.148), (8.149) vao (8.150) ta thu duoc:

T
ATp =-( Tp/Tg) AT AT =—T—"ATE (8.151)

p
E

Cong thire (8.151) cho thdy di thuong tir toan phan & xich dao va & cuc c¢6 cung ban chét,
chiing chi c6 thé khac nhau vé d9 16n va vé dau ma thoi.

d. Cong thirc quy truong vé xich dao.

Néu goi Syv(o.,p), Se(o,B) 1an luot 13 phd Fourier cua cac truong ATy (x,y) va ATk(X,y)
thi :
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1 o0 o0
AT, (%,y,2) =— [ [, (a,})Qdaudp (8.152)

4n” = 7
AT, (x,y,2) =— [ [Sp (o, B)Qdaudp (8.153)

4n” = 7
voi Q = el i 7 (8.154)

62 2 2 2
%:7\,1\/167)(+7\41V26X—8y+(}\,1\’3 +7\,3V1) .
Vi (8.155)
0’ 0*

+ AV, —— + AV, —
328y82 3Y3 52,

trong d6 Ay =cos [, A, =0, A3 =sinl; vy, vy, v3 lan luot 13 cosin chi phuong cua A va v; I1a do
tur khuynh cua AT,

Lay vi phén (8.149) va (8.150) dudi dang (8.152) rdi thu lai thanh mot phuong trinh:
2
SE(G’B):_M_ (8.156)
F(a.,B)

V6 F(a,B)= -Avio-AviaB +hsvs(od+p)+
+14/ o’ + [.))2 [(7\,1V3+7\,3V1)(X+7\‘3V2[3]

Day 1a cong thuc quy truong vé xich dao trong mién tan sb. Cong thirc nay ciing tim dugc
trong mién khong gian bang cach sir dung cac cong thirc cia Baranov, Tsuboi va Tomoda:
sint(x —m) sint(y —n)
AT, (X,y)= AT, (m,n
XV( Y) ;; S ( ) n(x—m) n(y—n)

vdi m,n 1a cac sO nguyén, xac dinh vi tri cua gia tri truong tir AT, (m,n) doc theo truc x va 'y
lay trén mang 6 vuong c6 budc dich chuyén bang mot don vi. Luc d6 :

S, (a,B) =Y AT, (m,n)Exp[—i(mo. + nB)]

(8.157)

(8.158)
vol -t<a<nva-t<PB< T

Néu chon diém tinh tai gdc toa do ( x=y =0) thi tir (8.150), (8.153), (8.155) ta thu duoc:

AT, (0,0)=>">"Cy(m,n)AT,, (m,n) (8.159)
Vo1
R o’ exp[—i(ma. + np)]
Cr==7 [] Fab) dadp (8.160)
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Phuong trinh (8.159) va (8.160) la cac cong thirc dé tinh chuyén AT;,(m,n) vé xich
dao trong mién khong gian, mudn vdy phai tinh dugc cac he s6 Cg(m,n). Khi do tir hod du
duoc bo qua va néu chon tryc x hudng vé phoa béc, tic 14 :

AMm=vi=cosl; A, =v,=0; A3 =v; =sinl
F(ouB )=y = -o’cos’] +(a + B?) sin’l oy o® + B> sin 21
= (o +stin21) exp(ip)
trong do
¢ = arctan[a.+/a.” + B’ sin2I/(stin21-oczcos2I)]
Chia mién tinh tich phén trong (8.160) thanh 4 goc 1/4:
1:05 a<ntva0<P<n
(1): r<a<0va0<P<m
(1) -t < o <0 va - < <m;
(iv)y t<a<<nva-n<P<LO
Chi can tinh tich phan trong géc 1/4 thtr nhit sau d6 thay (o, B) bang (-a,, B) cho goc

phan tu thtr hai;(-a, -B) cho goc phan tu thir ba; va (a, -B) cho goc phan tu th tu, rdi cong
chung lai. Khi cac diéu kién nay duoc thyc hién, tich phan tr¢ thanh thuc va c6 dang sau:

CE(m’n):_LTTaz cos(mo. + @) cos(n, B) (8.161)

n’ o’ +B*sin’ I

Néu mién vudng thir 1/4 thir nhét: 0< o < 7 va 0< B < m dugc chia thanh hai mién tam
giac bang cach v€ duong phan gidc thir nhat, thi (8.161) dugc viét lai nhu sau:
C (m n)=

1 a’ cos moc—i-(p)cosnB
[J- j o’ +B%sin’ I ap

(8.162)

+I BJ’ OL COoS l’nO(,-i-(p)COSI'IOLda]

a’ +p*sin’ 1
Hoan vi bién o va B trong s6 hang thi hai cta (8.162):
Cy(m,n) =

1 “d t o’ cos(ma+@)cosnB B’ cos(mP +¢')cosna
__2,[ OLI 2 2 .2 + 2 2 . 2
5% o” +B sin” 1 B +asin” I

1dB

T

(8.163)
vOl

@ =arctan[B/o” +B° sin21/(a* sin® I - B cos2I)]
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Néu dit B = o v6i u 1a bién mé6i giéi han béi 0 va 1 va thay ddi thtr ty tinh tich phan
gitaovau:
1= |
Cy(m,n) = ——[du[—————[a.cos(ma + ¢, ) cos nuda. +
o 1+sin”Ij

2
u K :
+ —zjacos(muoc + ¢,)cosnoda]

u+sin” 1o
(8.164)
Trong d6 ¢; va ¢; 1a cac ham sb cua u. Liy tich phéan theo o
1 L f(m,n,u) u’f,(m,n,u)
Ci(m,n)=— - 2= Zdu
£(m.n) 21’ £[1+u2 sin’I  u®+sin’1 :
(8.165)

voi

J1+u? sin 21

u’sin?I—cos2I

uv1+u’sin2l

2 2
sin“I—u”cos2l

¢, = arctan

¢, = arctan

_ msin[(m +nu)T+ @, ] LT sin[(m —nu)7 + @, ]

f
1
m + nu m—nu

N cos[(m+nu)n+ @, ]

(m +nu)’

cos[((m—nu)n+@,] 2(m*>+n’u’)cos@,

(m —nu)? (m*® —n’u?)?

nsin[(m+nu)n+¢@, | msin[(m—nu)t+ @, ]
= +

2
m+nu m-—nu

cos[(m +nu)x + @, ]

(m+nu)’

cos[(m—-nu)nt+@, ] 2(m>+n’u’)coso,

(m—nu)2 (m2 —nzuz)2
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